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THE 

Tranflatx)r to the R£ A DER. 

IT is needlefs for me to Jay any thuig in commendation cf the celebrated 
author's treatift:^ the charader of 'wbitb is Jo %>.iii cjlablijhed^ ana its 
general method for fumming mid interpolating fcrics fo clear and 
elegant, tbai U u drfervediy ejleemed emef ibe bejl perforauoues of its 

1 betd defigned at firfl to infert the iranflatiui in fmall parts from 
time to fhne in the MISCELLANEA CURIOSA MATHEMATICA, 
novo pul'lifhing in funnhcrs by Mr CAVE at St John's Gate, London, 
for the henejit of the hngliih reader ; but I was divrtcd from t?-v r^hbiti^n 
by feveral eminent mathematicians^ who defired that I would prtnt it at 
once by itfelf^ as fuch an excellent piece deferves, 

' And I here hok t^ett it m a duty incumbent on me, ingenuoujly and with 
grstitude to confe/s, tiat whatever sdvantages may accrue to myfelf or 
the fMck hy this English rir/Mv, / oufe cbiefy to my mueb honoured emd 
efeemed friend, the univerfally learned matb/matieian Mr Emerfon, who 
not only ajjijied me in rewfngnrf tranfiotim^ but gave me the firfi hint of 
making it fublie in this v>0f. 

Being unwilling to commit any mi/hikes^ that might be irjuricais to my 
readers^ I bad rccourfe to Mr Stirling himfelf a?:d he ir/rs fn zhli^ing as 
to give me all the aUiildnee J needed cn this cccafion^ ar.d f iirtieuhirh his 
cor reel ion and oinLuumtui to Ex. i. p. 1^2, cmcerniug 'uhtcblLadJlnie • - 
fufpicion, ' ' f • 

* * 

m 

Some mathematicians /» London obfe&ed to me, that Mr Stirling had no 
vherefiown from a given fines how to fiifd the equations of the fucceffive 

terms $ hut they are m^hen j for be basfxivn this in the fourth and fifth 
pages. And tbo' it requires perhaps a Utile exphficticn, yet Jcr the mojt 
part it aff^nrs by ifrfpeclton^ if (i!tcnfi-ie!x rc^crd:d ; ivhtcb was the rea^ 
fon^ 1 fuppojc, that be bad^given no particular rule Jor it. 

It 
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iv The TRA>jstATOR to the Reader. 

7;/ apcfifcript of a letter that J bad the honour to reeeivsfrom Mr Stirling, 
dated the iSth of Mayije^y^ in anfiver to this cbjeBion, *' I had (fays be) 
" fd:n'.ll forgot to give an anf^vcr t' Hjat part of wir chlhing letter^ 
*' 'zchcre you fay that fome eminent matheinuticians bad obferved to soUy 
^* that I bad no where p:onrn from a given frics how to find the equation of 
the jncccfiive terms : iohi€h I an fiver, that the thing is fclf ^'^id^nt^ 
or very cafy in fucb feries rfi / pr<3^Jid iofmn or interpde \ b.d in manf 
kinds of feries tbe equoHen to tbe term cannot be found, at leaji if their 
relatim be confiderfd in tbe manner tbai I have done, Fbr iii/Umce^ 
« fippfe a trhmn^ftHes, 4 B» JDy^. iokte the neMMi ie 
** terms an . 

• m ■ « ■ 

f'E=g"D-\-r"C 
ff'Fszg"'E'{-r***D 
&c. 

^ fjifw if ihefe three progrrfficm <an be tarried m Ml Dbltoni, / man 
•* A f\ t"> P"'> h Wr,r', r", r"»fir^. tb^ 

tbe feries is given^ but nevertbekfi m efmtim to tbe /iiccefhe tenm 

" J?, C, £), 6?f . canmt be found, unLfs tbe terms of tbe three pr^ 
*« preffiont be affignabk. In the feries which I have mf Her^d^ tbe term 
** ^» f> generally /« be 

*' (fFi^f^i h trifpe^Ton-y affd, if not, then Ncwtoii'j differential 
*' method does it ; for they are always to be ajjigned by a quantity of this 
^* fi3rm^ a-r-bz-\- cz*-\-dz*^ &c. where z can nroer rife above a deter - 
^ minate di men fen. For this reafon I gave no ride for finding tlx' equa^ 
** tiom to the terms cf tbe feries "xbicb I ccnfdered. And I did not prC' 
*\pofi to folve the problem generally, becaufe J iknev it vas not to be dotte:\ 
Ttau far Mr Stirlmg. 

As for mj forty if what Ibave beretkne meet wkb a favourable recep^ 
tiony I may perhaps publijh in our own language fome other valuable farts of 
tbis celebrated autbor's voris, Jnce I bave bis confent to froeeed. 
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P R E F A C E. 

WHEREAS If very often happens^ thai f erics converge to the 
truth Jo flowly, that tbey cmmtce no more to the end propojed^ 
than if they irere really (diverging ; to remedy this inconveni^ 
eTiCt\ T have, in the firjl part of the enfuing trcatife, exhibited fevcral 
theorems whereby we readily obtain the vahes of the mo/l /icwly eofrjergi/ig , 
feries j in which my drjign icas to Jhew that thofe problems which depend 
on quadratures viay admit of as jujl a folution, as thofe wJjich are rC" 
duced to adfeSed eqttatims^ Fet I do not here enquire wiif feries are jumm 
mable (as fome of my readers men perhaps co/ye&ure from the title page) 
kit bow to okasn toe values of tlofe feries v^cb cannot be fkwtmed, 

Mr James Gr^ory pubtijhed a fmall treat ife of this nature in his Ap- 
pendix to the true quadrature of the circle and hyperbola, where be, 

bas Jkoivv a I'ery eajy method of apprcximrJing to the areas of theje, 
curves jrom a very few given polygons, of m great number of fides i 
and has iherths rendered Arcliimcdes'j Method of Exhauftions fo eafy^ 
that if the fame could be extended to other curves with fuccefs, it would 
be Tieedlefs to fpend any more labour in invefiigating their area^ j and wijat 
Mr Gregory hath there effeSled in a feries oj polygons, we have here iU 
bsfiraieialm^ tmiverfally, in aUotSer feries, where there is a Jimple rela* 
ttofi of terms, 

T^f great Sir l&ac Newton had formerly fpent fome thoughts on this 
fubjeSl, as appears from bis firfi Utter to M. Oldcnburgh, printed in 
0)llins'j Commercium epiftolicum ; where, after he had brought ct:t, by 
computation, the area of tree circle to fxteen places of decimals^ ** If (fays 
** he) I had applfd other methods, J cculdy by the fame number of terms 
** of the feries, have obtain d many more places, fupfofe twenty five or 

more ; but J had only here a mind to fhew what might be d^ne by a fm- 
•* pie computation of feries,** - 

I do not find, however, amoHg/i hiswritiffgs (at leafl hitherto publijked) 
sbg kefi bint^ from vfbence toe can form any conje&ure of tbefe methods i 
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tbo* be bad ibe fair eft opportunity of /hewing tbem in tbis very Jefter* Hf 
likewife further obferves, in another letter to the fame gentleman^ prinied m 
the fame book^ that he bad fmmd mt km tbmgs relating t9 reduBion of 
infinite feries into finite ones^ where the nature of tbe tbings would admit, 
Jf thefe difcoveries Jhould beptiblified in his pofthumous works, the^ wiU 
without doubt much illuflrate this do5lrine j jor general theorems^ which ex- 
hibit the values of fries accurately, when it can be dom% will nKe/fiarOf 
approximate^ in other cafes^ if they be rightly applied, 

I'bc principle t commonly apply' d to this purpofe^ is the ajjkmption of the 
difference of two fucceffioe naues of any fuantity, that terms may from 
tbetice ii fimaed^ whofe fum was before kmumi namely ^ the fame principle , 
fmBffift Newton formerly made ufeof^ /« 9btmn tbi mrdmate of a euroe frmm 
tbe given area, Hho* tbis may be univerfal in quadratures, yet it is mJy 
particular in fummationsjlnce it is applicable only tothofe feriet^wbrfe terms 
can be ajign'd j ivherem tbe affignation of tbe fum, or of any term^ is 
equally eafy in fucb feries as gemradly ufe t9 arifefrm tbe fuadratures 
Jgttrts, 

Sir Ifaac Newton's Differential Method hath fupplfd us with a far 
more general foundation j for he defcribes a parabolic curve through the 
extremities of any number of ordinates or terms, and thereby ajj^ns the 
veduetf every i/itirme£ate term h an hdautt feries^ wbitb tsmSrAel^ 
win not affroacb to tbe tnttb, if tie term St very remote frmatbe bmmmitg. 
Ifbat I mifbt obtain^ tbertfire, tbe remet^ terms ef tbe feries^ J defer i bed 
a hyperboltc figure througb tbe extremities §f tbe tenm\ and ibe tbmgji/c^ 
ceeded, the value if the term^ tho' never fo remote y eomingmit by immrgju^ 
feries. The general folution of this problem includes a very obvious and 
eafy cafe, namely, the finding of a term at an infinite dijlance from tbe 
f rjl^ which is indeed equivalent to the fummation of the feries. But the 
defcription of every fingle geometrical curve through given points only fuffi- 
ces for one kind of feries ; and there are innumerable other kinds, 'which 
can by no means be had from this foundation. For tbe value of a term, 
< - fornid either by tbe panjx)la or hyperbola, does mt tffrmdasate, tsste/t 
wben tbe differences , taken aemdsng /« tbt Newtoniaa ndes, confiitnk s 
progrejkn oecreafing Jufficiently fmft, 

jifter I bad made tbefe difcoveries, I began to confder tbe relation ef tbe 

terms f the mofi remarkable and fimple property (f the feries, wbicb common- 
ly ufes to be applied for their continuation. For I was not ignorant that 
M De Moivrc bad introduced tbis pr^erty ^ tbe iormi into bis Algebra, 

witb 
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noith the greateft fuccefs^ as the foundation for folving the mofl dijicult 
problems about recurring fries. I therefore determined to try whether it 
could be aljo extended to other feries, which I indeed doubt ed^ as there is fo 
great a difference between recurring and either Jeries 5 however ^upm trials 
the thtngficci^d keymd my expe&ationjor Ifoon difcevered tfUgt this in- 
vention qjfM.Dt Nfoivre cmtaimd the mofl genenu principles^ and Uhc^ 
vjife the mq/lfimple ones, nst eufy in recurring feries^ hut in aU others 
nvherein the relation rftbe terms is varied according to fime regular lawi 
for though the relation of the terms be variable, it is however eafily ajpgna- 
ble, and from thence fummations and interpolations, and other fuch like diji- 
cult problems are brought to a certain kind of equations, which, befdes the 
root to be extracted, involve other unknown quantities that cannot be expung- 
ed i notwithjianding which, the refolution of thefe equations is fometimes 
effeBedwith extraor dinar j facility on other occafions^tho" it does not fo well 
jucceedy hut by the help ofm. De Moivrc's method concerning the afjignation 
of terms f n recmrimg feries^ which is ah mf t the mfy fubjiB $rtttei tf 
tn the following fbeets, 

*rbe problem for finding a middle uncut in a very high power of a binomisl 
mts folved by M. Dc Moivre, fome years before I meddled with it i nor. is 
itfrobabiU 1 Jhould^ to this day, have thought of if^ had not my much 
e^eemed friend, ^ir Alexander Cuming, B^rf. given me an occqfion, by 
intimating a Jirongjufpicion nhether this problem COU/d be Joiv^ bj Sir 
I&ac Newton's D^erential Method^ or not. 



ERRATA. 

Page 17, Line 30, fir is drawn, read is to be drawn ; Page 21, 

L, 22jbr—J- — \ , \ — , . r.^ read — -f ^ — / . L 

Pagf 27, lafl Line^ fir 1—/, r(ft»/ /— i. Page 34, i. 2, for tn S, 

j»S', Line fir read-^, Fa^e ^'^^ L. dek 2%, Fage 

2 I 

jLifl^ 13, y^^r z-^i the equation, r<«/ be tiie equdtion. L. 

— read — ij--. Ptf^f 49, L, 3, r<r^ compared. Ptf^^ 50, Ex. IV. 

-Lw^ 1, «^Lct thiilcries i+i:iA+HB+±2^+2:liD+2:iZ-E 
• . M 4-9 6.13 ^ 8^ '10.21 

4- &c. Pujpf 56, 1 1, read 424-^* P^g^ 62, Line 1 1, <ifJ5r4-/S". 

P. 66, 7.. 8, fMu/ 1 i784a:^. i i, and, n^?-/ therefore. P,y2,L.i', 

read ^vdng equatioa, P.73, L, 6, rr^n/ thereof. P.749 Xr. 8, 72or^ 

Ptf^(? 81, X//«^ 24, read—^D, Page 82, L/Vr^ 19, read G==ix--— . 

P^T^f 84, la /I Line but one ^ read p—\. Page^^y a?id tim fir [} Lint's of 
Page 86, the rciidtr is defired to blot outy occafioned by t}:e carclcfsncfs of 
' the compofer. Page 90, Line 28, read antecedents. Page 92, Lam 4, 

read 922+92*. P49^< 107, iS^ hutmu, ruuf^^. Page xi8, X. 22, 

rtW area. Read P. isc;, 126, 127, 128. P^^^t' 130, 22, read pro- 
pglitiua for problem. Page 135, L. 30, read |. Page 137, X. 17, 
will be middle ordinates. Page iZ<)»Jiftb Line frmBottm, read 5 A 
-9B4-5C-. 
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« 

» 

SUMMATION and INTERPOLATION 

O F 

INFINITE SERIES. 

, . . . . . ^ 

The INTRODUCTION. 

As curves arc not determined from any of their given ordinates, but 
fix)m the relation in general between their abfciiiks and ordinates, 
£> oeitfaer are kaie$ detemuned fimn any of their gjlven terms, 
but fiom the rehtioa between their fuoceffive temu. For quantities 
how many ioever, when finite, may conftttute terms in divede feries i 
but the feries is fingular in which the initial terms are the fame, and the 
law is the iame ibr forming the reft of the terms, in injinitum. There- 
fore the relations of the terms muft, in the firft place, be fought j and 
when they are found, tliey mnfl be denoted by differential equations, as 
IDes Cartes dehned curves by algebraic equations ; which being had, pro- 
blems about fummation and interpolation, and odicr fuch like problems 
belonging to feries, will be folved by an anahjfis no lefs certain than coni!- 
moa algebra. 

Of the Relation of the TERMS. 

THE terms of a ferics, taken two by two, three by three, &c. do, in , 
a great meafure, obtain a certain llmple and obvious relation among them- 
l^es, by whidi the ienes are determbed, and are pro^ioed at pleafiire. 
For inflanoe, ifnnity be divided by i— tbeijiiotient will be a geome- 
trical progreflion wherein every iucoeeding term js to the term immediately 
preceding as x is to vmlty. For by this property, the feries i^4r+A'^-{- 

^x*'^x'-^ £cc. is diuingoiihcd from any other, and produced in it^ , 
nitum, 

EXAMPLE. 

. Let tliis fradion — ^ be propoied to be reiuived into a Icrics ; 

fuppofe i"""T* J ^^fiiwing eacli part into the denominator, it ^ ' 

^ DiQ?[c|( 
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willbejrxrH-xx+/**=i, Qiyy.r-\-sx-\-tx*— 1=0. For;^ fubftitute t 
ferks of a 6s» fiMPi, as A43x+C«'4rD]v'4J£«^-fFx^.&c and there 
will reliiit 

— ^^^^ ^^gV^ ^^qVj _^^I3V^ 

where, by putting the liomologous members equal to nothing, to deter- 
mine the airumcd coefficients, it will be r A — 1=0, rB-j-jA=:o ^ then 
rC-|-jB4-/A=o, ;-D-rjC-t-/B=:rO, rE-f 5D-f /C—o, and fo on in in- 
finitum. From whidi it appears, that there comes out the I'lme relation 
between any three fucceflive terms. Likewife for ^, uliDg. a ieii£s.of this - 
form A;c---j-Bx~3+Cjc-4+Dflr5+ te. and by fiihftituting the iame 
intfaeequatiooi t|iprew91re^f 

/A4-/B7 +^^? +'^? +^^? 

•-ItWA^ -frAS +''B1S +K:i 

Aod now fQr determining tl^ cocflfejcBt^ Wft bm ^ide eqmdonti 
/A-.i;=:o, ^B-fiA^ftj aUbrAH-*JN-^C«po, rUr\-fC^lSma^ rC 
H-^B+^Es:.o> &K. wlipiQe' it appears tfaal: tfafi taM voWont aie pc^ 
diioed as in tfae.alNi^e an^tttmr taking the coefficients iqtanjflittfit oidflr. 
And. the quantities r, 5, /, whicb ihew th^ relation of the-mai^ are dm 
fame as thoie in the denoniinitor of the iia^on» This pmpevty, how- 
focyer obyion$ it may be, M. Moron was the firft that fipplicd it to 
life, in the folution of problea)» abgnt. iotoft liKhich orhcfwifc 
would have been very intricate. 

But in mofl fcries the relation of the terms is not conO-ant as in thofc 
produced by divifion; but it is varied very often, ; ccoi ding to a known 
law evident at light j asthofe. fcries which are coijimoalyj^oduccdffbr qua- 
dratures, and innumerable others. For ip^aoce, io: this ieriot i+4«4- 
tVx'H-44x'+444x*+ the terms m cootiniiod' la vi/^m$Mmf^ by itia 
cfiiitimiaLinuItipli(:afciQn of fhf^ fia6}ioo»T^4v^» t>.&6* aad 111.1^1 14- 
4*-hi^**+-t-rT«'+TT4TJf*H- &c. bvthc contiajalnHiltiplicationofthefe 
fiildions 4^,; |sf, Iff, and thefe iradtions SfC vac]cd*a«6Qrding to 

a kvjr manifeil to any body i and cQoiieqqeDCly them will be no^diffimlly 
id their affignadon. 

Cy differential E Qju A T 1 o n s Wi6iVi6 Series. 

AN equation defining a ferics, is that which afUgns in general the relati- 
on of the terms, by means of their ^ i , cn diflances from the beginning. 
AD4.ti)«. tcrxmoiuitbeiiB«giAki toi^nti.v^ giv^ in por- 

tion. 
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ODfe^ &r ifaet£iiw.Qf fiMplidty, I every wh^ ulb m titer ib&Qmig.flieet8' 
inky for the cCMamon {pact : which I note here once ^rafi-.- 

The firft terms of the feries I denote by the firft letters of the alphabet' 
Ay C, D, &c. A is the firft, B the fecond, C the third, &c. And every * 
term in general I denote by the letter T, and the refl fuccccding: in ordfer' 
by the iiae letter, adjoining tlie Roman characters I, II, 111, IV, V, VT, 
VII, &c. for diftind:ion*s fake. Thus, if T be the tenth, T' will be the 
eleventh, T^' the twelfth, T'" the thtrteentb, &c. Aiid, in general, 
wiiatever term is dciined by T, tiic iaccetding terms wfll be defined uni- 
vedalLy^by T', T", T"', &c 

Thk-^oBunct of the temirT 6oak aa^^hFcnterm, or fiom any ^ivcn 
point iatteniiddle befvreena^y two tenxu, I denote fay tbeindeterftunate 
auantilyz; wheseby thediftances of tfcelWBwTVT";!^, te. Snm 
ueafiiKfiiidterm or point, will be^^+i, x*^2^ ^'f'S* Fortheifr- 
crement of the abfciua z is equal to the comnion utervalof the tenou' 
ilamting upon the abfcifia ; and the quantities z, ar+i, 2r+2, ^+3, 8tc 
nuituany fuccecd one another, whilil: the latter terms iiicceed the fcicmer. 

Thefe things being premis'd, let this feries i, ^x, I x*, -^'A>^'*, 
4x7:X*, Sec. be propoied, where the relations of tlie terms are B =4 A a-, 
C=4Bjc, D=iCxt ^ssiDx, ficc. tlie relation in general will be de- 

fined by this eqi]aCioaT'==^^T:»» whemxcleBOCBtthe ^tftanceof X 

fix>m the firfttcnn of theferio* For by writing s, i, 2, 3, 4, &c. fuc- 
ceffively for z, there vnlT be pcodnceiithB nktioB»of the tennt in the. 
propded ieries. Likfiwife if « denote the diAancc of T fiom the 6e^ • 

term of the iiaries, the equation will be T'=.-3~TAf, as will appear by * 

writing the niimhera ^iyO» 1^2$ 3> &:c. fucceffively r z. Or if the» 
indetenninate quantaty denote the place of the term T in the ieries, ita 

iiicceilive values will be 1,2, 3,4, &c. and the equation will beT'ss 

T«r } as^ will appear evident to any that will try it. 

Therefore innumerable diverte differential equations may dehne die fame 
feries, as the beginning of the abfcilE z is taken in tJiis or tliat point. 
And, on the contrary, the fame equation defines innumerable diverfe 
feries, by applying divcrfc fuccciiive vi^lues for 2. For in the equation, 

T's — ^Tjc, which defines the ieries asm treated of, when i»2)3>4t' 

&c. are the values of the abA:iira flicceediog one anoth^ in order write 
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4 2& INTRODUCTION. 

It, 24-, 3 V, 4t, &c. fucccffively for and there will come oiit the re- 
lations of the terms, viz. B=:\Axy C=fBx, D = ? C.v, Sec. whence 
the fcrics becomes A, 4 A a, A Ax', tt A;f^, 441 A a:*, 6cc. which is dif. 
ferent from the former. But the equation -'.Iwiv? tiefermines the fcries 
from* given values of the abl'cilTa together v:\i\\ the nrit term, when the 
equation involves only two terms of tlie kncs ; as, m the laft, are given 
all the terms from A, tlie firft being given. Ncverthclcfi* when the c- 
qiiation involves three terms, t\\ u luuil be given > and when it involves 
four, three muil be given, 6cc. to determine the ferics. 

Let now this fcrics 4*% ttt*% ttttX* be propofed, where 
theteladons of the tcmM are B =t-5rrAx% C^^ Bar*, U^i^Ck^, &c 

The equation for it will be r=^^~'^^^~'T;g% or x'^lf^Zf^ 

Tx% where the iiicceffive values of » are i, 2, 3, 4, &c Therdbre, in 
the equation, defimng the ietka^ the abicifla z may be of one, two^ or 
nwreaimcnfinns/ 

Series whofe terms are aflignable, may be defined by equations af!ign* 
kg the terms. Thus, the ieries i— 4«44«' — v«'+t^— &c. is deftn- 



ed by this equation T sg - , as will appear by fiiWHtuting o, i, 2, 3. 
Ice. &r • And after the iamc manner the ieiies X'^^x^^x'-{-TTi(* 

-f tfBC» is denoted by diis eqmtioQ T« — . Soch equations may 

zz 

always be rediic'd to thofc of another kind; for when the terms are 
affignable, tlieir relations will likewife be afhgnablc j and the difference 
between thclc and the others will feldom be fo great, but every one may 
faiciy proceed as he lhall fee proper, 

Ilitaerto it appears that die roalionscf die cxjnieqaent terms are deriv- 
ed fiom die antecedent, by writing for sits (booemve value 2+ x in the 

difierential equation. Let this equation T'=--^T be propofed; write 

z 

2+ 1 for z, T' for T, and T' for T', and there wiU arife T"=^±2±i 

which is the relation between the terms T' and T". In this laA 
write the coniequent values of the variable ones, £+1, T", and T'", fx 

the antecedent 2, T' and T", and you will obtain T " =^^±2±3T",tlic 

^ Z+2 

relation between T'' and T'". 

But, by a contrary operation, we can go back to the relation of the an- 
tecedent terms^ £rom that given relation of the coniequent. Let tlie 
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equation be T^ssjq-^^^rppqjjT'i now if you will write T for T', 

T' for T'', and 2— i for you will have T'=^-^— -^T. In this man- 

ner, by goiog backward and forward, feries may thence be continued tn 
u^mtum^ when their nature will admit of it : and likewiie IF we be ig- 
gorant what terms are denoted by T, T', T", &C wc can infUtute a ctiw- 
putus from thofe, as if tliey were really known. 

The equations of which we have hitherto treated, involve only two 
terms of a feries j but thcv may invoh c more terms, and the terms, as 
well as the indeterminate qu;uitity 2, may be of moic ilunLiiiions j but 
in this fpecimen I have only treated of thofe that are moie £mple. 

Of the Ftrm 4md lUdii&im rf S^Kim%^ 

. AFTER we liave brougitt the fms to di£ferential equations, wemuA 
/hew how they are to be idolved in immbers. For it is the bufinda 
of the analyft to- fanng out the quantities determin'd after any manner, 

either accurately, or a>^ ricp.r as poflible. The roots of differential equati- 
ons are very commodiouUy refolved into leries of the following forms : 

A+Bk-I-Gk .5;— i4-Dz.«— I 2+E».2!— I 2.«— 3+&c^ 

A-l ; ; ; ' ' \- &C. 

2; Z .Z-\-l.Z-^2. \ I . 4-2 .i-.rhS 

Wherefore, when 2; is a fmall c|u;intlty, tiic hrll form mul^ be ufedj 
but the latter, wlicn great. And tlieie feries, which arc compofcd of 
filters in aridimetical progreffion, are by far more fit for this bufiuefs 
tlian the common ones, which are compofed of the powers of tlie inde- 
teimuialB qnantilyf whether afoendin£ or defoending. Moreover the lat- 
ter form has this advantage, that z tfaeiein may be as great as you will, 
which makes the fories converae very fwift. 

Bat if the forms of thefo feries be changed by any operations, they 
mnft he reduc'd to the iame as at fiift» that the terms may become ho- 
mologous, and their colhthn, or comparifon, be infthuted as the diing 
requires. Suppofe t his eq uation, 

T = A-{-B2:-[-C^:.:^;— I -{-D^.2:— 1.2:— 2 ' V.z.t.— \ .z — 2.Z—t^-\- &c. 
the fan:e drawn into z will lofe its former igrm, and put on this new 
one, it becoming . 

Tz=Ajt-t-Bz^4.Ca^ . a — i^D^- . % — i . % — 2-|-£z- . 2.-1 . %—i . ^ — ^4. ^cc. 
whence it appears that its terms cannot be compared vvitli the corrcfpon- 
dent onesy in thefitft ieriet. Whenfoii^ to reflore itsdue form, I work 
thus : 

C I^Mced by Go -v, i ^ 
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e=A2: 

Bz' - ~ r - r • " — Bg^-fB z.g— I 

Cz*. g— 1 » - * 2 C;:? ■ 2; — 1 C g.a?— I .a^2 

&c, 

Confequently by gathering the honioloci^ou'^ terms into ooe, the ierie$ 
Will be reduced to its firl> form, and v/i]l he 

— +A? + B;> h h D> . 

T«^+ Br + r 3D $ ^-^-^^^^ 

namely, when the ^juLQ>izyn, homology, or likenefs, of the terms no 
where depends on the co-ciiiLients A, B, C, D, 6cc. but altogether upon 

be co mp ared "widiB^g Ac fecond to the odicr; lifeewi&llieiecoiidmiiui 

viilil^thifdmtlieqdiery aiid ib to the reft. 

Moreover if to tht firft eqoadon TsKA+Bz-^-Czjo^i^DzjB-^iji^ 
4- &c be wrote the fucceeding values of the variable qnantttiestoAeadof 
the prcfen t> diaj t is, fo r ao4g+i for a, it w jB become 

T'= A+Bas-f I +Ca+ i.2!-f I>«+i.«j»-i-f E»H-i^J»— 15^4- &c. 
But A - > skA 

Bz+i ----- «bB+B« 

Cz^^uz • =B * aCz+Cz.z— I 

D g+i. z .z— 1 - - = * - - * - ^Dte.g^ I -f Dgjg— I js^z 

Ez -f 1 — I jz— 2-» *•-♦-•• - 4£aue-*L»— 'a+dcc- 

And from thence 

4-A4- 4- C5 D? \r E5 

4 &c. which is the form dclired. 

But obferN'e the foundation of tltefe operations ; the quantity to lie re- 
duced may be reduLcii by imiti^iicauon to die powers of tlie indetcraii- 
Date quantity z } and th ai wor k ac cordto g to the foUowing Example : 

Suppofe, for examp le, 3 xgxg+ ix a?44 be the quantity to be re- 
duced ; ima gine 3 x a; x z-^- 1 xa?44=stf jz . z— i. a— 2 . 3 -^bz^—i, 
z—2-\-cz,z-'i-^dz, ' 

ihe number of tboib to die cpmoPaion to be rdblped» Id cadi ^nanti^ 
be reduced to powers of tfa* todduauaale ^noii^ bj imkipUcflfr- 

oOy and it will be 
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And, by comparing the homologous terms, we fhali have a~ i 
i_6«=2, tr— 3^ f I II, i/— 6^=— 12 J from which 
4r will be found =i, i=8, f=2, </=— 2 0; hence th e propofed 
qukiit ity becomes — 112* — I2a;=«.j2; — i 2.;s — 3-|-8« 

And ato-die fime mama we may proceed in other cafes ; but for 
die ftke of bfcvkjr take tht Mowing rvk. i>M^ «»>y /i;^ terms of 
this progreffim conHnuaHjr n^U »-2, •—3, #^4, &c. that b, ^iwii;f 
«MN[^ hyn—i^and that fioiient bj n-^i^ and tke kfi quote by »— 3, and 

cocmog out,, rqe^ng the powers of and ictiinios only the cc "'*^* " ~ 
which only are of life ^ thkfMBpof^ aadynn witt tM^tWg 

FIRST TABLE. 





I 


I 




> 


I 


I J 




I 


1 &c. 




I 


3 


7 
















I 1 


6 


1 25 


90 


301 


966 


3025 


&c. 






1 • 


1 10 


1 




1701 


7770 


6cc. 






' i 


; n 




105a 


695: 


&c. 










\ * ■ 


21 


266 


2646 


6fc. 












I 


28 


461 


&c 














I 


















1 


I 


















1 


! ^ 



Aflwne now, for the co-efficient?, the numt)cr8 in th« deieeadM 
kimns, and you will have the following values of tlie powecs:. 



«— 2.«— 3,«— 4, &c. 

Wlittefint duB table being once had». every quantit) is reduiped to the fornt 
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Ibught, without a tedious computus. Let this 2*-f-2«'— 1 1«' — nz be 

propofed to be reduced ; take the \'alues of the powers from the tabic, 
and draw thcni reipcdively into their co-cfticients —12, — 11, +2, and 
2, and you will obtain 

— ii2;'=— 112 — iijg.g — 19 

■4-22^=4-^g-H 6g«g— i+ az.g — I. a? — 2> 

Atid the valjbes of the inembers bdog gathered into m gives the 
total valti^ at akeadjF hstfa oome oDt. 

. It is here CD be oburv'd, that an iofimte iaks, made of the aicendin^ 
powers of the indeterminate quantity^ cannot be reduced generally into 

another of the aforefaid form ; for every co-efficient would be an infinite 
feries : but in finite feries, the thing fuccceds, as fhcwn above. 

Alfo the feries of the other form are in like manna: reduced s for fup- 
pofe any quantity fought be 

«p_A B C D ^ ^ 

Then if it be required to find the fucceffivc value of T, write z-^-i for 
z, andtbelitcceinve value will come out 

andtoi^ac«tfaeierie8totfaefofmoftiie£xiner» Iwoikthni^ 

A _A A . 

z-^i z Sii+P 

B B 2B - 



c , c 3C ^ 

D ^ i» P 

x-fi.»+aje-|-3.z+4 m+ijbH-2.«-4-3 

4- &c. 

andIhaveT-=.^|^-^+- ^'^^ j .^"j" 4- 6cc. 

where now the dcnuniinatora arc tiie fauie as in the value dTT^ awl iJlr 
that rcalbii we may inflitutc a comparifim of d)e tdttn^ as cccaiion re- 
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quires and fucl^ operations are demonArated thus j put 



a 



is 1 ' ^ ^ quantity immediately to be founds then by drawing 

iDto ^ denominator, tbere wBl come oqt 2=24-1—^, or by 
Uolliag out sen bach 0^1—4^ ttd^sii wfaordbrel^ Mfti* 



III 

tutiag imuy for ^i, we .ihall have ^^^ ss ^ - Likewiic ruppuic 

' ' ' i aiid by cbnntig; jl into the deno- 



nunatDTy it will bexss+2— 4r» or ^^=2, and from lliciice — - — ^ 



• ^ A , B . C D 

Let now \- - -\ {- 

-f £cc, be propofed, which we m^l reduce mQ another of due loon ^ 
work as beiofrej^ ajui j^ou will had, 

A A 2A . 2A 



B __B 4B ' 6B 

a^z^^A • • * • • • ausrjf-k M^*j|t4-2 aLa!rf 1,2; 4-2-64- 2 
C ^ C 6C 

p p 

— £cc. aiid the prapcEtedieriG&wiU be band under this due form 
ther ctties. 

Iftb«£;^^Um to bo reduced be -^r:^ two mcmbenwill beinififtvalw 



thereof aiiAthe.i]i^cXHD^i ifk4)e^^> there wiU be tfaree^ as ia 

the h{k example and in general in the value of reduced to a due 

form, tho nnmbcar of meaihm will escceed tlieiniinber xr by imiiy. 
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Hcfelfuppofeiitobeawhok anda£Briiiadve nninbtf £vifltbea 
broken or negative nnniber, the value of the fia^Kon -4- ^vill run out in- 

to an infinite fcrieSi the foliowixig is the general rule ibr fuch like 

tranfmutations. 

Draw the terms of t/jis prcgrrj^sn «, i+n, 3+;/, C^r. ctmtinual- 

ly into one another^ and Id the producis be dijpofed as in the Jolk'-ivin^ table 
according to the order of the powers of «, onl^ preftruing the ctheffiaeats^ 
and there ill come out this Table. . * 



I 






* 


■ 








I 




1 






• * 






2 


3 


1 - 


1 ■ 












1 1 


6 


1 I 












50 


35 


10 


I 








120 


274 


225 


85 




\ I 






720 


1764 


1624 


735 


'75 


2 I 


I 




5040 1 


13068 1 




6769 1 


i960 


322 


28 


I 1 


40320 1 


109584 1 105056 1 


672S4 1 


22449 


4536 


546 


36 1 I 



^ &a ScT &c. &c £cc. &c* &c. &c. 

Then by taking the co-efficients itom the ddcending columns^ you will 
obtain the values of the powers, 

i« ' t ' . 3 I • ir 



&c. and io In others. 



into I-J — ~-\ 



35 



225 



a+4 2+4.2+5 2+4JS+5JS+6 



+ 



Therefiire having got a &rietf compofol of the powers, it may always 
be reduced into another of a deiired lorm^ by the ndp of this table. 

A B C D 

Or let tills feries ficc. be propofed, take the co-ctTi- 

cients out of the tranfveric ooLumns^ and pat 
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r==2A + 3B+C,' 
^«6A + iiB+6C+D, 
f=24A + 5oB-f 35C + 10D + E, 

And the feriea compoicd of die powers wfll be truufinnied into iht fi)!- 
lowing one of due farm, 

g I ;^ . I . ^. 1 i h 

Let this fi^dion — , _ be now propofed, firft by diviiion I refolvc it 

into this common fcries r+-T^ -t-I — n whence A=i, 1]=-;/, 

C=+»*, D«— «», ^« t^c^c values being fubftituted, there 

will emerge 3=1, ^ss I— ff, cas2 — 3«+«*, ^=6— ii»4-6«*— «' &c. 

and confequcndy — \ — = — \ — | \ — — -| — i^lt^ r 

' — X — = — ■ |- , A +^ 



«.«-{- 1. 2;+2. 2+ 3. 2:4-4 zz-^nz 2^+1 * «+2 

B -f l:i^C-j-^-l^D+ &c. where fheqnaiitilies A, ^ C, D Qcc. denote 

the terms of this fcries according to Sir Ifaac Neu^ton's method ; and it 
appears thaf the ferics terminates as often as is a whole affirmative 
number j Ukewife in othci' examples, let ^ denote the ieaft ^d;or in 
the denominator, and the imes wiQ -ahvays terminate by this method, 
wlien the nature of the thing will bear. As iuppoie this findioa 

— — ) I put js=Af-»3, as being the ieail of the three hdion-. 



jf .X— 3.Jf4-2 

then it will be jtf8B«4*3> ^ x+2«z4'5 : And the fivdioii will become 

r-^ r— , or by multiplication it is , . a ^ . , and by divilion 

it is J.- 8 19_£2^^I4£i_7448 &c. whence A=o, 

Bsi, Cas— 8, £=8—272, Fss+1441, G=— 7448, 6cc, 

and '^m thence J=o, ^=t, r=: — 5, ti=i2; f=— 12, but/andt^e 
reft are nothing, and confequently the ieries bveaks ofi> being accurately 
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- ' .intoi_^+ 



In any fradtion j pi — . — 5 — , let 2; be the leaft of the £idtors. 

fo that <7, b, r, &c. be affirmative, and if they be alfo whole numbers, 
the feries will be terminated, other\virc will run out into an infinite feries: 
But when the feries breaks off, it may be found many ways, more ele- 
gantly than by the above general rule, for it is quite ahUin.1 to reduce firfl 
a finite fi^dion into an infinite feries, to find its value attcrwards in finite 
term^ : Which w& have here done, bccauic we wo4ld illuibate the ^ 
nd^ not ite it wooldbe die beft metbod wheA 
if in & firft tafetebctakaitheinimlwiootof die aicendlng coliiiiiii% 
and ^leic be put 

^r=C-3B+A, 
. J=n-6C+7B-A, 

C==E— 10D425C— 15B+A, 

+ &3C. will pais into this ^cc. whick ig com|)oi^ of 

die 



Ift ^lefe tBin(iyintii<iew%iwie be* 

caufe without any tranfmutation it amb^g|f)||il^ bQloD|f^ WfjU to ti2^ 
feried of powers aft to that of the fii^kofs. ' ' ' 



OF 
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- . ,P A &- T X 



!Ttl^ait.firft part Uumft endawouidl to abbravulictfae mediada Q^com^ 
I putatidll in the quadrature of curves, andllkewife in thofe problenuk 
*^ wat are more difficulty and that, by coming to the values of in&ailt 
ierles more expeditioiifly than by a ilmple addition of terms, a^ is com;- 
monlydone; in feries converging fwiftly, this prefently difpatches the 
bufinefs, nor is there need of any further artifice. Neverthclefs, v, hen 
they converge jQowly, there is ininicnfe labour very p^cti required, and 
indeed the greater, by how much lefs is the convergency j/thus if tliey ap«- 
proximate very ilowly, they come out intirely intradablc, for it is veiy 
well known that there is: fometim^ Deed: of above athoi^and torms, ti» 
^et the^mi iocmatdy. for twp'xv three ^guroif : We JviU:<hficefiife tew» 

cpnva-gmg .very ilow, -into others consostgiiig voy fwift^ ef vdiidli lA 
^e fumfi msf be oQmfKMied wUbwyl^ ttDohfe. 4 piait tnany pla^ 

of figures. 

The ferie*^ transforrned will indeed break off, when the feries to he 
fumn^ are lummable; and u\ this cafe tranlhiutation will become fura- 
mation ; but concerning fummable feries, T have been the lefs follicitous, 
and only focxk of them by the bye, as thcv very 111 Join Qccar in the qua- 
dratures 01 figures. Fur 1 have not here bcituwcd my labour iii finding 
out i](ele& feries, which are fummable b^ theorems v^ known, bi^t in 
-finding out dieofems by wKicH ufeftil ienes may expeditkiaiiy be fiunmed 
toibiiiai^'pfaioesoffigiires^ asflnll benteefliuy m*^y.one'8piicpoie.' 

Cff Se R I r s that are.mre JStufit. • ** . > 

Not only the converging of feries conduces very much for contra^lltjg 
the methods of calculation, bot alfo its fimplicity j wherefore, before ."we 

can come to tranfmutations, we inn know that A^rr:f£5;7's^ feries, in his 
■quadrature of curves, not only breaks ott, when the nature of the thing 
Will iuftcr it, but alio that they are tlie moft fimplc of all, when they go 

E h 
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M infauHuHt and therefore they are preferable to thofe feries found hf the 
common method, namely, by reducing the ordinatet into eoj i i m i pi ig 
feries, that the areas may from thence be computed. 

Let X*-' X ^4?jc^"' be the ordinate of a curve, in which x is the ab- 
iuS^ e and /co-efhcients, gad 6-7 1, A— an^ n indices ^,thc^:9ircrs» 

^rJ-^, s^^^, and, acconfing to J^MM» ifae afcl wltlfift 

q^J!iAA:-.f+LB^-i±ipZii te. wham 

A9 B, D, &c. denote the terms, every one in its order fi^om the be« 
«inmng,-»teeir. A^t^^^ «— 

j&c. Let now be propolcd the finding of the arc from the right fine x 
jjcioi; |?Xcn, .qr. which is all one, ^the ^q^Jur/j jaf .» ,cj^ WAofe ordi- 
nate 18 / : fediiced «o a doe Iqmi, tenioMi i— >p*f-*, 

iWhich, being compared with the general ordinate, gives f=ri,/*=— i, 
ii==2, 8— I =;0, A-r- 1 ==—■ i- ; therefore 9= i, A=:v, and fronj. thence r=x 
/33Bi ; gth jdi bein g fu^jfiitutcd in tbe theqram, there axaftsftr the arc 

if dia4»iimtte proMM tbe iUI 
Aeowa ibr iovolving a wnogaalj and -taking thdinoat ^ wmpf^Ktm^ 

iTC;^-HeiDx*+TltTT£x'+ &c. whence it appears ^ M is lif 
far the more fimple, and confequently eafier to be continued in infimtum. 
Suppofi;, for example ^ the arc ibugbt be the ei^ich part of the whole cir- 
cumfcrenoe, its iiae x «dU be an/i^ wbicb bcipg fiibffitKad^ (balietica 
3wii be ' 

Firft ^ + 4A+4B+|C+4D+.VE+ &c. 

Second ^4+-rirA4-AB4-44C+Ti|2^D4-^E-f ,&c. ' 

In which fl^ff the firfl: is piefenble for two reafons ; as, firft^ it is pr»> 
diiced by more fimple ia^ors ^ and, (econdly, becaufe it is free from the 
liard number which is found in the fecond ; neverthelefs when :ir is a rati- 
eml quantity, and x/i— if* irrational, the fecond feries is to be chofen, 
. lb that X be of a magnitade fo finall as to make the feries converge very 
fwift J for by this means the extracflion of the fquare root is avoided. 
Moreover if ^=1, we mufl ncceflarily recur to the fecond, becaule in 
|J)(U cafe ^ ^^niiQr Yaniihes^ into which the frrA is awitipiied. 
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€(f Sbsibs tmtierging fwifmt* 
"Vl^HBN an'^indetaniiinite qnaiidcjr, (the quantity incrcafing which i» 

UK lOnBI OOmpONO THBWIIXMH wlU DOSnRlMlBjnEIQpllVC tlM anEniKn^ 

ind w31 converge ibvrer dian when the indetenniMtet]ainttty cannotiiH 
creafe beynNid a given ma^iitade. • A% for inftance, fuppofe the aicft of 
a dicnkur arc be ibii^it, it is better to -apply the right fine, which cannot 
be greater thanrradmiy ilh^ the tangent, which fix>n ?rows to an rni- 
menfe iength, as Nevtm formerly otiferved ; and, on the contrary, tan^ 
gents are pre&rable in the hyporbola, becaufe they cannot exceed a given 
magnitude, :hut are contained within determined limits, and thofc I'uffik 
cienny narrow. But what we have iiere faid does not hinder, bat that 
the arc, pr aEoe^ of a finall magnitude, sEiay be fiHind, aa onehasaikao^ 



JUL Tfaofir 



and affirmative are moreinuMgeable liiuiodierBin fiimnution $ and wlnt 



Itis, indeeditcBe, that ieries conver^ng (Wifiiy may be fetmd laM^ 
ways, by the help o£ Newtn'i dififcrential method; but the more they con- 
verge, the more they uie to be compounded ; whrnifftiT I prefer thafe 
jAmtMX. jivwe fimfilff^ Jtho' they omsterge ikywer. 

ly* S9ccBB«iw Sums. 

a fiiG(%l&re futn I undeiiland a quantity which fucceeds d!ie fiun of 
• iillwtifBM^ i^dien tlttinbfeq^t terms take 1^]^^ 
cedent Thn^ If the fna bcT+T»4-T"4.T"»+T»M-T'+ &c write 



the latter terms for thefiraier^ and yoa will hinpe the fiicoeffive fiun* 

T«+Tn+T«M~T^4-T^&c. in which again, if tl«e be fubftituted the 
confequent terms for the antecedent, there will come oat the film T''4r1^ 
^rj^iv^^rpv^pj^vi^, ^ ^i^i^ fiicceeds the laft, &c. 

Hence i£ S>» SF, S^". &c. denote dae fiioceffive fiimib. ^ villi 

S BaT+T«+T"4-T™+T^+ te*. 
S» SB - •T«+T«+Tn»-hT^H- 

S« =s T»-f T"'+T"^+ fioB- 

mm ... T"+T^+fcc. 

Tliatis, if faiaiiiylp&yiBfaictbcfiJkhidtBdliicfeftteffli^ sndfioin 
Ac ifiminilef be <tib fchduflcil Ab fiift tenn, aiMi fiooi diii leinaindet 
which jmow left he ly in ftMnfttid dicfiiftlanv tudlbuooat^eafure, 
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the feries after this manner gradually lofing tlie ficft fenni^ die fiicoeffive 
funis wiU be as follows. 

Or =:S— T, . - .... , ^ ^( • 
■". - S"=»S-T-T^ 

S"'=S— T-Ti— T", . ' . • -, 

S»^5»S— i — T'— 1''— T"'.! ' ■ • i 

- I have here fpoke concerning the funis o£ all the tGnn& in.infinituniy 
Vk'hkh begin at any given term ; for whatlocver term T is, S be the 
fum thereof, and of all the following terms, likewife Si will be thefum of 
1*, aad of aJl tfaejreft. Tfaeib dingi hold vlioix tlie tans-itt 
jn'ttmiiberf but ^ivlm sve aiv cooJidcring the fim oT a finte — "^*t of 
IBmn^ $ will be the £im of all Hie terms fiom the begmning, toinj 
^giim tetm T, and will be the fum d ifae tiuob teitns when T is takea 
«ny».«ndj3i>inttbctefiim.of die&mtttemis^^ X^.eietilDBli 
away, &c. 

- Hence in the fummation of terms fix>m anv given term ad infinitum^ 
if 2 be the length of an abfcifla which correfponds to the fum S, tlien 
•2fr4*i, ^4-2, 2:+3, &c. will be the lengths of the fame refpe<ftively cor- 
•rcfpondnig to ihefucceffive iwiw^ S', S", S"V ^« And, on the cuiitrary, 

fummation of terms from any given one to the beeinmng of the feries, 
^leng^ic— I, «— a, «--3, 6cc. will anfwerto ttelbmrS^, 5VS«?, 
te. wbiifttlieahfiaffiijBaiiiwerelDS} ibr inthefirft caib thedifianoes 
of the fums fixm the beginning perpetnlly increafe with the inaanene 
• 9f the abfcl£giy«id they decreafe by tiic decrement In tht^ latter cale. 

Let SS' be any curve, whofe afymptDte k if^, end eb^affik- Afi paiallel 




•A. ..,3 
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thereto ; divide the abfcilTa into an infinite number of equal pr.rt3, as AB, 
BC, CD, Sec. snd fiDm the points A, B, D, 6cc. ered: uerpcndioi* 
lirs to the afymptot cutting me cum in the points S', S", &c. and 
the afymptot in tf, c, 6tc. From the points S^, &c. to the- 

next antec^ent Oi-illiiutcs, draw S'«, S"j6, S"^^, S"^^, 6cc. parallel to die 
ahici&S that Sa, S'^?, S"y, S"*^', &c. be tlie diflererxcs of the ordi- 
oates, as well thoie which arc extended from the curve to the af/mptot, 
as thofc which are extended from the curve to tlic abfcifTa. I'liercfurc the 
ordinatcs, intercepted between the curve and tlie aiymptot, will expound 
the fums ; and their differences goii^ from tlicnce /;/ infnit.'n;'^ w ill act 
pound the terms j i.e. if t'S'^ denotes the fum, the fucct-cding oidin.ites will 
beyS^'j^S^'jifS'^", 6cc. whok diiicrcuccs 45'"^,^$^', rS'\ 6cc. in irif.nitum 
tfc the terms whofc Hun is f S^. And likcwifc if ES'^, D S"', C S", See. 
denote the ittcceflive fums, whole firft is ES% the antecedent differences 
^S™, >S^, &c. will exhifak a-fiaito mmdser of terms, going from die or-^ 
dinate to the beginning of the feries. Therefore the iirnimation of 
fci ies is reduced to the finding of the ordinates from their given differences. 
But it muA be noted, that the kfV fum is nothing in each cafe \ which 
iviil always be, when the curve pafles thro' the point A in the abfcillh, 
and nt the f^ime time hath ab for the afvmptot : This caution muft be 
ufed, that the fums to be invclligated, by llie methods hereafter delivered, 
may be true, wanting no correction, as very often happens in the (qua- 
drature of curves. 

PR OPOSITION I. 

IF the term of any feries be formed by writi ng the numbers i, 2, 3, 4, 5, 

Kz . is — I . z—Z . 2f — 3 -f- &c. then the fum of the terms fr m. tbeb egtnmng 
ivbofe numk r is Zy mU he A.z-\-z-\- 1 into rB;e+TCz.«— irj-^Djs. 
a-^ I . 2+tE« . « — 1 . z^z • sf— 3 + &c. 

Where it is to be noted that the quantity is drawn into the whole 
fcrie; tb t immediately follows itj and t iic proportion is thus demons 
Ibrated : Suppofe tiie fum S=A;g-f-z4- i into x'^Z'\'\^Cz .z—i \-'T>z. 

— 2- r gc c. or S aasAg-f-TBg-f I .g+^Cz+I 14. 
•J-Dz-t-i . 2; . z— 1 . z— 24- &c. Then write the fuccecdlng values of 
the variable ones infle.id of the prefen t ; that is, S^Tfor S, ands:— i 
for z I and you will hav e S— T sarAg— i-j-rBz .z—i . +-xCg.g— i jc— 2 
•J^TpT^z . g— I . g— »a « g— 34*&<^» then fubdu^ ing th is equatinn fron^. th.e 
former, t|iercwill remain TasA-f Ba-fCg.g— i-f-Dg.g— 1 .k-—'z 
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4- ficc. \Vlicncc, oil die cojurory, if this value of die term be given as 
in the propolition, die luni will lie tliat which is aillgned. Moreover 
this fum is nothing wIku z li nodiiii^ aiui cooib^ueridy tbfi ^W^fjn is 
mariiefl* i;^ £. 1). 

EXAMPLE f. 

Let there be given a krics of the mturoi immbcis i, 2, 3, 4, 5, 6, 6cc. 
dieie are formed by writing i} 2, 3, £ec. §k x i comparing it with die 
ftm ai the dimem, kwiUbe Asso, Bs*i, and C, D, £, andliie ioU 
low mg will be equal to oeching ; wUch «d«ei being ikbftiMBd, dm 

comes out z-^-i into or — - — for the ium o£io naany of the teems of 

the (crks propofed, as there are tmits m x, Hun if zss6, tbere wiH 

cocne out ?^"^^^ 2i ibr the fum of the ^ terms. 
z 

EXAMPLE n. 

Let there now be given a fcries of the odd nwnibers i, 3, 5, 7, 9, 1 
theie are &fined br writii^ i, 2, 3, 4, &c. in teqiH«ti^ 
ibatis, ^i+a^is; which ooi&fiarod ^ geneial valiieofllw «erai» 
^veaAsfB^f, BbI, <^D»6, Ice. iiocbing> whidi bdng wiqib in tb^ 

fum, there comes out —24-2+ x into — , or for the s^grcgjite of ib 

many terms aaziignifiea. And ib it is in the prefent caie, fiir die fiic- 
ceifive fums are the fqnaresof Ae aatmal nttmocfs. 

EXAMPLE III. 
SupToSE a ferics of fquares, as 4, 9, 16, 25, 36, 49, &c. were to be 

(ummed, which arc formed by this cxprelTion Now zz reduced to the 
ibrmof the theorem, according to the rules delivered in the introdudlion, 
is z-^z,z^i i coniequently A=o, Basi, Cas i, and the fum £nm 

tfaencebecoiacaH^intog l^'^""S Aat 1^ Sup- 

* ^ 7 S IK 

polb §x exampUy 7 be wrote for 2, you wlU then baic /■' ■■ ^' . 140, 

which is tiie iimi of ieven terms. 

EXAMPLE IV. 
Let now be propolld the fquares of the odd numbers i, 9. 25, 49, 
€1, 121) 169, Thefe are &rmed by writing i, 2« 3, 4, 6cc. fuc~ 

ccliivcly 
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ccffi vely in the expreffion 1+422— 4;^^ wllicb being wiM tlius^ 14- 
42; , a— -I, gives As«i, BarO, €=4, D, £ &=o ; aiid llicfe £ibili- 

tuted, the fiua comes out 24-24* i iat^ . or^^ 



3 

EXAMPLE V. 

If there be given the cubes i, 8, 27, 6 4, 12 5, 2 16, & c . whic h 2' 
afiigns^ reduce 2' to its due form, 2-1-32 . z— \-^z . z-*- 1 . 2—2, then 
AssOt Bsi^ C=!|^ and the rcii will be nothing j therefore 

ibt fum J8 »4-i vitD irZ'^z .2-^14-^2 . a— i . 2—2 or 52-x2+i|\ 

4 

And hence it appears that the fums of thcfe cubes are the ftjuares of the 
fiumhcrs 2« 3» 6, i5» ^* oaooely of t^ui^lM mwbfiTK 

SCHOLIUM. 

« 

Sucir feries are eafier fummcd by th© differences of j^nns > for let A, 
AZy A3, 6cc. denote a icncs to be lujn- A A2 At Aj. Ac 
med; take the firft di^enccs of the « it» R-j 
ttrnuB, Bt, B3, te:.thtft««ac,C2, * ^ Ca 
C3, Ice. tiM fikird D, D2, lie. tad fo p D2 * 

on till yoB come to the laft, whkblieBC £ 
jft £, nd inm of ^ terms whoie 

-fiymhcr is 2, wiil be A — l-B-x i-C-x^^^ x^^^ l-D^x^^^ a, 

.11 2:- . J . .2 3. ' ' X . 2. 

« X — y 6cc. 

3 4 

JBut it is to be observed, that die differences mud be taken, by Tub* 
dueling the former j&om the latter, that Is, by putting B=: A2— A,l?2 = 
A3— A2, kc. alfo C=r:B2— Asid^ d<«B^Wb«liMide{Hiii^aQPi 
2sfewto}i's differential method. 

Let thefe feries be propofed I , — I, i,— T, o, 8, 27, 61, 114, 190 
O, 8, 27, 6t, 114, 1 19, &c. andta- — 2, J, 8, 19, 34, 53^ 76 
king the diiiercaccs according to the 3, 7, 1 1, 15, 19^ 2^ 

above method, we (ban find Aac J, 4, .4, 4, 4» 

BsB— 2, C=«3» D«>4» and thr ftft 

I 2 J 4 

2-J 
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■ ■■ ■ '^ ^ ' « And the Ijericj is formed by wrkiog o, 2, 3, 4, 

PROPOSITION IL 

T F tte term of anyferies vbaffo€ver be firmed iy v/rittng any mtmhert 

differing byuniiy tn the quantity, 

^ — A + &c. the fim of all the 

A B 

terms in inJimtum, beginniog any given term, 'will | ; — h 

9 + 5 +&C 

Potthelum S:^^-f — ^ , ^ . 

Then write the values of S and the cooieqiiCDt for the antecedent, that 
i$» S<-T £ai S, and for js» bocauie we are treating of lams iofiailir 

A S 

ill number, aud tlicre will come out S — T= 1 r ; — 4- 

: 1 . ■ hte. Thbemiaf. 

3 .«+i«2;+2.x+3 4.21+1 .274-2.2-1-3 .2+4 

A B ' 

tion, fubduded from the former, leaves T= ; — ■[ . . 

9. I. 5 f- &c. Whence, 

z .z+i .z-\'2 s.z-l-i .24.2 .2r+3 . x;4-4 

• on the contran', if this term be given, the fiun will be that which i& ai^ 
ligned in the propoUtion. ^E,D, 

COROLLARY I. 

If die term be ■ — ^— — , ided theiaft^or, 

then divide the remainder by the number of fkdors which remain, and 
yon will have the fum of the terms. Suppofe the term be — ^ — ; re- 

A 

je£k ^ laft£i^or2c-i-i, and there will remain and when there is only , 

one 
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one remaming &^or then ^ will be the fum of* all the terms. 
Suppoic the term be coniUtuted of three iixdors, as ; re- 

g 

jedt the lall £idor z+2> ^ ^^^^ remain which divided by 

2, the number of fadors remaining, exhibits ^ for the fum* 

c 

Likewife, if from the term — — — ; , compofcd of 4 fdd- 

CSS, the kft (2+3) be rejeded, and the reiminder divided by 3» you wlU 

C 

have for tlie iUm, ■ . ^ ' 

3 2.2-)- 1 .24-2 

Suppofc the term be ^, rejeft die &dnr 0, and becauie nothing re- 

mains, divide A by and you will have for the fum a quantity infinitely- 
great, of which Dr Brook 'Taylor was the hrli, tliat I know of, that liandled 
this in his Methodus Incremcntorum ; likewife M. Nichol hatli largely and 
elqgaiitly treated of tliis in the Memoires de (Acadcmie Royale de i>dmces, 

COROLLARY II. 
By what we have laid of this matter in the Introdu(^on, it appears 

dait any tenn — ■ — z — may always be lefolved into tofo 

fummable terms, or perhaps more^ and finite in nomber, when a, c, tec, 
are whole numbers ) tfaefcfoie^ in this oaf<^ die feries will be fammable. 

As fuppoie the term be —^-i — , it isrcibivedinto three iummable terms 

J ' , — I ■ — ■ ^ — i whence, by the ptC" 

ceding Corollary, the ium will be . '+ , . , wliich 

joined together are ^^1^^^^^^^. And iikewile if the term be of this 

a \ p l-cz^ I u z^ I' Sec 
£orm, jgj^^^jg^^j^^jgi^j ^* ^ ^ fummablci £> that 

a^^yffj, &c. be whole numbers ; and the number of 6Bon in the de- 
nominator exceeds the highcA dimenfion of 2; in the numerator, at leail 
by s« But I cacoepc thole cafes in whidi two or more &iQbxi in the de- 

G nonunaggj^.^^ Google 
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i.ominator are equal to one another ; and tlien they are not fununable. 

EXAMPLE I. 

Let this fcries—+-^-f-^—J^ — L_^4— 1 — + &c. 
1.4.7 /'i^'ii io.13.16 13.16.19 

be propofed to fee fiiinmed. The terms of iSbk ferics are alfigncd by the 

3g . 32;+' . 324-6' ^ "^"^^ ^• 

fucceiOIvely for that is, by this j — j whence the ium 

IS * . } now if in this kit there be wrote ti the £ril value for z» 
542.2+1 

there will come cot ^ fer the fxm of the whole ieries ; and if ii» its 
fecond value, be wrote §x z, there virill come out t 4^ for the iiim of tbe 

whole feries after taking away the firft term ; if for z be wrote 2t> its 
third value, th^ will come out -^4-? for the fum of the whole ierie& after 
the two firit terms ate taken away s and ib m infantum. 

EXAMPLE IL 

Let this iciies — — j — ? — -j — ^ h V -f be propofed. The 
^•4 2.5 3.6 4.7 5.3 * 

terms of this fines are aftigned by — ^— , In which 2, 3, 4, &c mufi 

... • • • J 
he wrote fiicceiiivelT &r and is itdoocd into thieefammable 

terms, namehr, — ^ ^ \-- — — — > whence 

the fnm will be i or-Hj|±+i. Now 

to find tlie lura of all the terms, fubflitute uiiity for and you will ob- 
1^ 3+^lhrsTTi the value «f tiie ieries propofed. 

EXAMPLE in. 

Let there be given tliis fenes — 1 ^-—r^ — ^i-z"l — 

. _ ^ 2.3.4.5^3.4.5.6^4.5.6.7 5.6:7:8^ 

7-^1—+ &C. where tlie numerators are the ft^uares of the natural 
n.7.0.9 . ^ . . 

numbers } eveiy term, in genenl, unll be aiSgned by this cxpRffioa 
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^^'■^2^4-^ — ^ 2, 3, 4, 5, &c. being the iooceffive wines of the in- 
decenninate quantity 2; ; Sifid it is reiblved into three fummabie terms, 
nundy. — — 1 : wheooetheium 

Z.Z-^l X,Z-^l .Z-^-Z Z.Z-\'l.Z-\~2.Z-\-2 
. I 7 , 16 *L * • 62:*— 72-1-2 . 

Z 22.2-1-1 32.2+I.2-}-2 6.2.2-j-I .24-2 

you fubiftitute 2 for 2, you will have -ri for the value of the leries. 

EXAMPLE IV. 

Let tfie value of this fcrics J r-l ^^4— ^ — ^f^ t > 

1.2.3.4.5 2.3.4.5.6 3.4.5.6.7 4.5.6.7.8 

4- &c. be required, where the numerators 9tt the cubes of the odd 

numbers 1, 3, 5, 7, &c. Now i, 2, 3, 4, 5, 6cc. being put for the ^c- 

ceffive values cf 2,. the terms, will be aHigned by this expreflion 

82'— 122*-|-62— I u- u • r 1 1 • . ^ 

wmch xs relolved mto 



it J , J 

• * ja;.z4-f.2;-)-2.24>3 «. 24-1. 24-2. «4-3. 24-4* 

8 ^86 72 0 

Therefore the fum is } ^ : ^ ^ 

2 2jeje+i 3«.«4-'««H-2 4ajB4-*-«+2jBH-3 

that is, 9^^ +7^^ — 3 vvbich if you write the fii ll value of 2, 
1 22.2-j- 1^4.2.24-3 

that iflt, unity for you will find ^tr to be the value of the fcrics. 

EXAMPLE V. 
Let this fcries — — f— I — I — ~-l — ^—-A — I — !- &c. be propofed, which 
was fbund, by my lord Brounker^ for the quadrature of the hyperbola % 

every -term In g^neisd is affigned by this expreffion — rr* where tlie 

values of 2; are f» if, si, 3i, 6cc. which being reduced to a fumma^ 
ble fbnn, is ^ h?? 1 — 7 — ^ -+ 

42.24-1 o 25.24-1,24-2 l62.;c;4-l.24-2.24-3 ' 

; — Liiii 1. &c. But becauie the diffcrenceof the 

322.24-1-^4-2.^4-3 +4 

Fadlors, in die exprcfiiuii aiiigaiiig die terms, is a broken number, it 
runs into an infinite feries which ihcws thai the feries is not fummabie ^ 

but 
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but bgr gong bock fmm the term to the ibm» k wili be -^-f 



4JS i6z.z-\-i 

4— r — '^—r> ^'^'^ ; — h which is a feries cdn- 

verging fo much the fwiftcr, by how much greater the quantity z is. 
But, for an caiicr computus^ put As=t«i-, P^s — ^—^ C= , Dss 

— E=-^, F= > &c. and the fum wili be A+iB+iC ' 

22+6' '2.Z-t^ a«+io ^ 

+iD+tE+ In which if fi»r jb be fubftitated its firft value^ we 
Hnll obtain the vake of the whole imes to be iiimmed; if for 2 be fob- 

f^ituted its fecond value, there will come out the fum c^all the terms after 
tlie£rft is taken away ; if for 2 be iiibftituted its third value, there will * 
come out the fum of all the terms except the two firft, &c. I therefore t 
fubftitute for 2; 1 3 i its 14'^* value, that z may be big enough to make the 
feries converge fwift, and I obtain A=-jV, B=tVA, C=ttB, D=-rTCi 
EWtD, F=-rrE, &c. in which cafe, thcfum A+iB+tC-f iD-f&c 

^beequalto — ^-^H — J — | — ? — f- &c. the whok ieries to be 

^ 27.28 29.30 31.32 

fununed, whpn the thirteen firft terms arc taken away ; I therefore by 
addition find their fum to be .67428 C961. And to get Uic lum of the 
teH^ I find A, B, C, D, 5cc. by a auatka to Co many pkoes of dectmalt 
aslhaveamind^ and when they are I divide diem teQ)edively by 
i» 2,3, 4, 5, &c. as under 

Aaas.018518519 .018518519 

Bas-i. 638570 319285 

C= - - • 61797 20599 
D=s 9363 2341 

1= 1873 375 

F=: 455 76 

G= - - 128 j8 

H= 41 5 

Iss 14, I 

^18861219 

And ihaeby I obtain .0 1 8 S6 1 2 1 9 ibr the ium the terms after tlie 
thirteenth. LafUy, this added to the aggr^ate of tlie initial tenns before 
found, makes .693 147 1 8o« for the value oftfaeicries to be fo m me d, that 
is^ for the hyperb^ logaiitimi of 2* 

The mofc ttrms are gathered fiom the beginning of the fories, tbe 

fwifter 

Digitized by Go 



«f S E R I E S. 25 

fwiiter will the/eries converge which gives the fum of all the refV, be- 
c^infe of bein^fo much the greater. And the excellency of this method 
appeal's chiefly in adding die terms to tlie aggregate ot tlie initial ones, 
that z. may be augmented by fo many unities, w^hcreby the ieries trani^ 
formed will converge ad libitum. 

But that it is inipoffible in pradicc to obtain the fums of tliefe fcrics by 
a mere coUedion oi* terms, wul be manifcft ftom the following computa- 
tion, where you have die ium of a hundied, dum&nd, ten tboufindy 
and ib on to ton milibas, hnndred millions of terms. 



Thefiunof 



' TOO 


1 


1000 




1 0000 




lOOOOO 


I Terms 1 


1000000 


10000000 




zoooooooo 




^xooooooooo 





.692897242 
.693122181 
.693 144680 

.69314693a 

•693 H7155 
•693H7»7B 
^3147180 

From this calculus it appears that a iiundred terms gives the fum accurate 
to two figures ; and if we gradually fuin up ten times the number of 
terms, k.is an imocrtsiiity wbecfaer jmcher Mire can be gain'd : there- 
ibte if any one wonld indtn acconte vduecfliik ioics id niie places of 
%iiies ^wbidi requiics 110 art but cmly addition) thqr would mnire one 
tftwiftnrt million of tcnns; ,and dns ieries cotsm^ madk fvyScr than 
many odiers, whofe values are finite quan t ities., 

EXAMPLE VI. 

SvFFosE this^snes i+iH-t+-r»4-«^+^+ is to be fnmmed^ 
where tbe denominatocs are the ^uares 6£ the natural numbers i» 2, 3^ 

Ice and any term in general k — ; this reduced into a fommaUe Arm, 

I . I 1.2 1.2.3 



+ 



+ 



+ ficc Therefore the ium is —2+ ^^ L . , + ^^ J, , . ^ + 



1.2 



22.Z+I~^^Z .2+1 .Z+2 

+ &c, wiudb» byimttingA=-,B=-4— , d 

, g. o ^ ^ 



4«.«+i .21+2.2+3 ' * 

D=J^. E=^+ te. k A+4B+iC+*IH.&c N«r 

H iT 
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if you fubftitute 1 3 its tbiftecnth value for you will have the fum of 
all the terms in the fcries to be fummed after the twelfth ; in which cafe 
A WJil be =tV, B=VtA, C=AB, D=AC, £=. :D, &c. And 

A+4B4-4C+TD, &c. wfflbethefiim<^dielsfimTw+Tfir+T4T+ 
&c the computation of which is as fbUowi. 



Ass»oy6g?.']c'7y ,076923077 
' B= - 5494505 2747252 
C= -- 7-^2601 244200 

0= - - ^37363 34341 
.••£=--.-^2321 6464 

- * F« — 8978 1496 

Gs=--^-2835 405 

Has 993 124 

I*= 378 4a 

• Katf... 155 16 

L= - ^- - - 67 6 

M= 31 3 

N« 15 I 

•079957427 

Wicnoe weha?e x>79957427 fiv ^fimcf dxtennB-r^+T^r+Tfr 
+ &c. which added to de aggregate of the firft /^mifar, or 1.564976638, 
makes 1.644934065 for the yahic of the whole ferles i -f i:-f-f 4- A + 
&c. Botthbieries doesnotconvcf^lb&ftaatfaatcf mylofd 
in the above example 

PROPOSITION III. 
TFtie term ioy feries ^firmed by writu^ mtf mmUn dijfmi^ by 

^^iHtttVyfor z intbe giumtity hOoiA 1 — -I — ; — h 

t </ a 
; ; : — I- &c. fbe fim mU be emud toifl^into 1- 

- ^-A^ . ^-2B;f ^-3C^ ^ 

I — X.Z.Z-{-l I — X.Z.Z-f I— Jf.Z.Z+I.2:-}-2.2^+3* 

The quantities A, B, C, D, &c. denote the coefficients of the terms pre- 
ceding thoie in which thqr are ^jond ; namdy; Ass-^^, B= f~^ -% 

Csa— ; ^kc, Batleicc»cthkcaiein whidi^iscqiial ft^ iinitf) 

when 
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when this happens, the ierles will be fummed by the above propoJid0Q ; 
iec the demonAmtion. 

Snppofe Ae fum S=a«*+» into — — j ^ r 

4-&C. Aen write the values of thevariable quantities 



jfucceeding S— and z+ 1 for the antecedent S and z refjDedively, and 
you Witt hate S-T=j<*+*+< into — + § + ? 

4.—^ , ^ ^ ^ , -f &c. tfaatit^ S«*»f»into— + — 2f — 

die form of S» is S-T=:x^iato Af:^-^^-A^+ C^-2Bx 

« Z,Z-^l Z.Z-^l 2 



Now lubtract tiie value of S — T from the value of S, and there will 

remain the term T=fcjc»r» into -L -i; h 

z z.z-^i a. 24- 1. 24-2 

D.-.+3C. 

Laftly, this value of T compared with that in the propoHtion, gives 
At — x=ay Bi — x-\-Ax=^, Ci —x'-f-2B.v=r, 6cc. which equations ex- 
Jiibit the values of the coefficients as above ; wiicrelorc the value of Liie 
fum is rightly affign'd. ^E, D, 

EXAMPLE I. 

SupposB this feries i-h1r^-K^+t''+»^*-f &c. were given to be 

fiimmed; theequadontothefamc is Ts/^into~$ for by writing 

It, 2', &c fucceffivcly for there will come out the terms of the 

feries. But by comparing this term with that in the theorem, it w ill be 

x==^^i n~ — 4-, but by c, J, and the other coefficients arc =0; 

J. 

tmd, Mly, theie values being wrote, there ariies Sas/»-i into — f 
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t or txampk^ let us put /= — i, and the fcries to be fummed will be 
1^4+4— t+i-~ &^c. and theiiiin will beSss+i into — \ h 

• ; — r-^-^ \ — h or 1 into — -j ^- 

2Z,Z-\- l.Z-\-2 2Z.Z-^l.Z'j~2.Z-j-^ 4;S 2Z-^2 

Where A, B, C, D, 6cc. denote now aU the tetms aocofding to the 
Newtotaatt method^ and not the coeffioents. And itni^ widi an anohi- 
guous iign, into which die feries is multtpUed, will be affirmative when 
iK—i is an even number, but negative when odd. N o w g ather i< of the 

2 2 2 

firft terms, or, which is all one, lix in this ferics ~ — J — - — j 1- &c 

1.3 5.7 9.1 1 

two and two in the former feries being put into one, the fnm will be =3 
•76460069 1 5 : then for z write 1 2 i, its thirteenth value^aod yon niU have 
S=^-f V; A-l AB+^TC-f *,D+ ;'sE+ &:c. which 
is a limple ferics, and converges fall : for ten terms jD20ooococo 
give S=r.o2079747i9, ?s is evident from the annext 7407407 
computation, and it we add tlie fame to the aggre- 510856 
gate of the firft terms, we fhall have .7853981634 4943^ 
for the value of the feries to be fummed, which we 5( 
could never come to 1^ the addition of terms and ' 
by coUeding more initial terms, the value of S will 139 
appmdoiiaie much fwifier^ Therefore by the help z$ 
<tf diis propofition, the drcumierence of a circle may 5 
widi eaie be produced to very many figures, by diis i 
feries convergmg fo very {bw» which M. iM^nitsi 889^0207974719 
long ago greatly defined. 

The periphery of a circle will be obtain'd very accurately too by the 
following feries of Nnrfcn's, viz. i-f-i— t — t-ft+'f^ — tV — &c. 
where every two terms arc alternately negative and affirmative. 1 he fame 
is aifo effcded by tliis feries i-f-i— t — t-j-f-j-t—- — -tt-J" ^c. in which 
the denominators conilitute the progrcfiion of the natural numbers, every 
third being taken awa^. The mt is eipal toa fourth, and the lail to a 
third part of the whole drcumlbcace, on iiippofition that the chords of 
thefe arcs are unities. But before we (hall handle them by this propofi- 
tioo^ both muft be divided into two parts^ the firft into thde 
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The kft into thefc 

1 — T-|-T — •inB--|--rT — I't } ■ &C. 

Then every one of thefe four is to be coniidered apart, and the opera* 
tion to be manned as ia the above example. 

EXAMPLE 11, 

Suppose Ais fcries —+-5 — h- ^+ -^j— fL 4- 6cc. the cqua- 

1.2^3.4 5.0 7..ii^ 9.10 ' ^ 

tion will be T^x* into , , which refiylved Into a leries becomes. 
T»x"inco i-i — ho n i — I— A i— i — h 



T05 



-|- &c. whence by comparing the terms. 



322; . I . Z-{-2 . z-^^ . 2;-|-4 
it will be «=o, =4, ^=41, </=^, ^=tV> confequently 

ti«d«e 8=*- mto — i— + , '?~^!P' ^ 

4.1— Jf^ 0.1— x.2.z4"' '"'f — j:.2.2-j-I.2-|-2 

-4 io5—p6Cx — Ufxc, the proereffion of which ieries is 

' I— 'X.Z.Z-j- 1.^-^-2 .Z'f'^ * r • 

evident to any one. And when the value of x is given in any particular 
cafe, the iimi will be had aa aocnrate as you pleafe, by 6m addins 
a fuffident number of initial terms, to die end that z may tie big enoi^h 
to make the value of S conveige hik. Thefe things being premiied con- 
cerning feries whoie terms are affiznable, we fhdl now make a tranfi* 
tion to thoCb which are determined by the relation of the terms. > 



G 



PROPOSITION IV. 

I EN the relation between the fuece£he Jum^ to find that wbkb is 
between the terms. 



In an equation defining the relation between the fums, fubflitute for S', 
S», S", &c. their own proper values S—T, S— T— T', S— T— T»— T", 
ice, and lb you wiU have the equation Involving only one (nm S $ In which 
write the confequent values of the variable quantities for the antecedents, 
and you will have a new equation involving that fum S; laftly, by the 
help of thefe equations, let S be exterminated, and that which refults 
will (hew the relation of the -terms. ^ E, J, 

I EXAMPLE 
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EXAMPLE I 

Suppose an eqna^oh todie Hibis be at^nSssx—iS^ ; 

For S\ fubftitute its \uluc S — '1\ and die cquution will tlien be «— -iS 
=z-~ iT, iii wliich write the fuccecding values of the variable ones for 
Uh } R eceding ones, that is, S— T for S, T^for T, ami s-f-i (ov z ; and 
wc ihuU have«— iS=« — iT-j-zT', which fabtradtcd from the former 
n — i.S=2j— i.T, tlicre will remain z — //T=;c; i ■ ; vviuui ii the equati- 
on for the terms dT th^ feries. 

EXAMPLE n. . 



Let ail equation be propolcd for the fu:rw5x8^-',xr;-|--^o--}-9-l-3S')C 
iizz-\-^z—2 » fubiiitutc S—T for b', and you will End 5= VtT x 
S;2;&-(-42~3 according ID the difl^rentkd method, write S—T 

for S, for T, and «+i lor and there will come out S— T-e-rVT^x 
^g^^^g ^ ^ i by the help of th^e equations exterminate S, and yon 

v91htve»-f2T-h3T%s«<>i ivfaidiittfaeoTntioiicadiibitingtbe relati- 
oaoftfa^tetnuv 
And by the £une mediod ate three or niDfls llioeiffiic 1 



PROPOSITtON V* 
'J^O J'l/iii Hi man^ JufHtnable feries as you wilL 

' The- equation for the iums will give the fiim of the terms» and lllat for 
the terms will give the feries ; the firft is aflbmed at pleafure, and the 
other is dcduped from it by the above propo$tion.i therefore the terms 
will be had, and aifo their fom. ^ /. 

EXAMPLE I. 

Suppose an equation for the fums be 2:— ^78=2;— iS*, as In the firft 
example of the preceding proportion j you will find that for the terms to 
be z^TsB^siT^ • and by iiihititttting S—T for S^, the c^iatioo for the 

foms will be Sa^Hix. Now let A^ B, C, D, &c. denote the tenns of 

n — I 

tliis feries, and write in the equation (tQthe fimc) m^2, w-f~-% 

6cc. fucccihveiy for 2, m being any whole number of fraction, negative or 

lAliinnative^ 
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affirmative, and l9ie rebtion of ttie ttrma wiH tie Bsb^^^A, 



m 



m+i m+a «+3 . ^, 

* • 

0aS=^:ilT, wiitie^tlie &a4miL of the. Mgi,. tiuit W for T» «ii 
tibe fidi vakit of tta k, ivior « i tod wilLM i«J^hmA^ 

i!ziA+2l4^B+^::4±^+te;^w aiA' 

numbers for and n. 

Suppolc for example //; — 5, «=2, A — / j, then tlicre will come out 

^ ^ 3-4 4-5 5-6 6.7 7.d ^ 

where it is manifert the terms are af?ignab!e j which will always be wheni 
If is a whole number : And there will be as many fadors in the denomii- 
nators, as there are units in n. Thus, in the preicnt example^ « is z=2^, 
and for that reafon there arc two facitors in die denominators of tlie terms*. 
Suppoic now w=: 2, A=ri i dicu tiic re will come out. . * 

S=2 = i4^A+iB-f4C + ^'cD4.AE+ 
that is, S=2=:l+i+TH-«r+xiT+iVr+ &c. 

3k IS evident Qcmr die terms arc not aflignable, bccaafe ie-a.ftadionj 
where it muft be obferved, the feries terminates, and becomes finit^. 
8S often as m — n is mfhing, or an integer and negative. And if » — i be- 
nothing, or a* negsitive nuiubcx, the value o£ the feries wiU be in^Aitidlj' 



E X A. M P L E II;. 

Let an cijuatii^n foi the fums be ^y.^zz-\-2ox-\'<)-\'%^^y^^siz+^z-^'\, 
as in tlie iail: cuunplc ui tlic ahuvc propoiiLiuii, where tJicrc was found S 



= 0 i if unity be put for the firft term, and likewifc for the firll value 
<jf«, we (haU obtain St=U»l--'T+T—4T+ H^~^'ftetid^ 
denominatnrs afe the powers of 3, and Ae nnmcwtttsiriangular nnmhcti.. 
Litfatit cBimgles I htve not ihid to dcdnte' ftm vcm cqntdoM 

which* 
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which de^ne t!ie relatioa of tcims, becau^ Xfuppofe this is already known 
from the iotrodudion; 

SCHOLIUM. 
Summation of fcries in the difFercntial method anfwcrs to quadra- 
ture of curves in the method of fluxions, and tliercfbre in both thtrc ule 
to arife the like difficulties, which m hoc to be explained. We ha?e 
Aid dmt the feries maj oa every fide be contbned in mfinitum Suppofe, 
fer exampk^ diis foies x*+x'-f &c. and continued backwuos is 

i^-L-[-^-^ Thefe two ferics joined together make of eacii part 

X J* K 

only one tunning in in/initumt viz. 

For thefe terms are in Cvjntinued geometrical procrrenio:i, tlie antece- 
dents to the eoiiio^uents as unity to x. Li tlic lumiuatiuii of tliis ferics 

we (hall find i-fjif+^+^*+ ^* which indeed is true when x is 

lefs than onity i but if it be greater, diisMes^lbein&iitely great, and 

the lum, ^-2^^ will not any more be the fum<^ thefe terms i but by 

changing the iign will be equal to the ieries proceeding the contrary- way, 

that is, ^, or —L. will bc=a: &c. and if jc be unity, the 

fum will be =_-I_, and thereby each part of the ieries will be infinitely 

great, inafmuch as it is equal to unity taken an infinite number of times. 

After the iame manner if the cqoatian to the ieries be »—iftatzV^y and 
the ieries be conrinned htm each part in if^mtum^ one part will oooo 

verge and tin; other diverge, except when i s and the ibm ^^"^ wOl 

always be equal to the com^rging part of the ferics. 

So in quadratures, ii be aa ordinate of an hyperboUc curve, the 

fluent wiUcacprefi part <^ the area, lyingonthisorlheotherfide 

of the ordinate according as « is Icis or greater thun unity ; but when n is 
s= I, tiio area from eacli part of the ordinate will be infinitely great, as ia 
die jli^Umian Hyperbola. 
But ieries, (although the quantities iboght chert^y be of a finite mag- 
nitude) 
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lUtodc) yet they do very often by diverging come out infinitely grciU, and 
in thefe calcs continued to oppofite p&m they fometimes converge, and 
are equal to the roots required, or ditlcr from them by a determinate quan- 
tity. Alio tJiey fometiiiies diverge though continued both ways j but very 
often they cannot run in m/Sftitum both ways, becoufe of impoiUble 
teraiSy or terms Infinitely finall. 

Moredfvtr, as the areas of curves are fometimes to be : g nented, and 
fometimes diminilhed, by given quantities, to have them true ^ fo liJuwife 
the fums found by dik propofition fometimes difier from the true ones, 
in which cafe they muft be correded bv addition or fubtradion of a given 
qu^intity ; namely, when the equation for the fums is fuch as makes the 
loll of them to be a quantity of a finite magnitude, or infinitely great, 
there is always need of corre<^on. I will therefore Ihew, in the follow- 
ing propofition, how an equation muft he affumcd whicli lhall always 
make tiic lall fum to be nothing ; and by that means tlie ium [ound will 
be the true one, neither by augmenting nor diminifliing as has hitlierto 
been iliewn. 



I 



P R O P O S I T I O N VI, 

F an equation to the fum s be S x js* 4- az^^ + bz^^ -|- &c. /wS^x 
^fl^^2jft-i_j_j2j^2_j_ &c. the loft of the fum loill be of a ftmte magni- 
tude in that cafe only^ nshen mst, and a^c. 

For a demonftration of this propofition, we muft know tb.it the fum S 
may be invefti2:ated from the equation defining the relation between it 
and its fueeeilive value S', neaily in die fame manner asyou do a fluxion- 
al quantity from its equatioiL For that end wemnft afiume iac S aferies 
of tills mn 

«• , .BCD 
into A4 — &c, 

where p. A, B, C, D, &c. are invariable quantities. But in the prefent 
cafe, when the fum requircti Is the laft of all, confcquently at an infinite 
diilancc, js will be likewife ialinitely great, as being either equal to that 
diftance, or di£[ering irom it by a finite quantity ^ for this ita^ the kitter 
terms of the ieries are infiotlely lefs than the fermer. There^Mre, to ab- 
tveviatethe computation, i rejeA all the terms after the firft, as being 

A 2;* 

ulelefs in this demonftration : So I have S= ^ in which, by writings* 

? 



for S, and z-f i ibr 2r, I obtain S^ss ^^f ■ j ihcfc values fubflitute for 
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S and S* in the equatio n to the fu naa, or, which Is the &mt thing, in 
this equation Sxz-^assmS^z-^c, tlie remaining tenaa being o mitted fc r 

tlKreafons above given , and there wiU refuit ^x£+if=2^iL ^ 

jB-fr; or by drawing it into/H-i, and dividing by A, pz'y^z-fa^muL 
s-^if %z-^c. But by Newtm's theorem lor evolving a binomial, a+T] 



is zsaf-^nsf^^ and that accurately beoiufe z is ii&ii tely great, Snb - 
fHtnt e this value, and the equation will be /g"x g +ga sjwx jg'^-gg^ ' x 
f, which divide d by g*-', becomes /^xa-f^tfsswxar-f-ffxs-t-c, or 
/»2;+/^2;=«»»-i }i -Y c%mz*^mnc j in which , by comparing die ho- 
mol<^oos terms, it will htf^m, mdpa^n-^-exm, whence n^u^c ; 

A z" A z * " * 

and tlicrefore the laft lum S, which before was — is now — i where 

it is noted, the coefficient A is not determined. ^ iy | oie now iifsssi. 

Az* 

and i7s<r, the fum will become \ but^is si, and i^=i,tho'2be in- 

z ' 

finitely great; and confequendy the laft of the lums is finite, fiir it is equal 

to A vvhen/«= i, and alfo az=.c\ But tliere is no other cale in which 

is a finite quantity, when z is infinite^ great $ therdbre the propofition is 
evident. 

COROLLARY. 

If be lefe than unity, the laA fum will be infinitely great 5 but if 
greater, then m will be infinitely fmall j and if /w be unity, that lum will 

be infinitely great or fmall accenting as n i^^ izreater or lefs than c. There- 
tore in the equation to the iurns, if m be g; w ter than unity, or equal to 
it, and at the fame time a lefs than tf, the ialt fum will always be nothing, 
and there will want no corre<^on. 

EXAMPLE. 

Strpposs die firft fiim Ass 1, die fecond Bbt A, the diird €^141^ 
die fiiurdi Das ^fi the fii di E« =44 D, txc, Anddieeqoadon to the 
fiune will he tuLzz^^-z-^x^^xzz^zi whicb compared with die ge- 
neral equation, gives msszi^ tf— !> r^T, and thence /r~r=so; whence 
by this propofition, the laft of the fiims» that is, the produd under all 
the numbers i x|x4t x 4x x \-c x r4vx &c. in infinitwny i$ a finite quantity. 

In the e quation to the fums, fubftitute S— T for S*, and you will find 

4Txa;2+£^ which, becauie it comes out negative in reiped of T, 

exhibits 
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exhibits the iliin of the terms not from a given term forw.irds ad infintum^ 
but from a given term backwards, or towards th.e beginning of the ferics. 

But that we may niake the th ing plainer, fuppo le there be propofcd 
two equations, S«2s5sS'x«2-- 1, and Ss=S'a.4-i > each of thcic will 
give the fame equation to the terms, nn.mcly, Ti5=T'r. 2 ; from t lie 
former is deduced S~— Tx^rs; — i, and from the latter S :r=T 1. In 
the firft cafcS is the ihm of the terms from the bednnincr to T, and in 
the fecond S is tiic fuiii of T and of ali the following terms hfi'tkum. 
In the equation to the terms, let the numbers i, 2, 3, 4, ccc. be wrote 
fiicceffivdy fat and let t be the firft tenn, and there will come out 
thisfqies 

h' — — — i — ri- ficc. 

1.2 ^ 2 ^ 3 .4^ 4.5 ^ 5.6^67^7.8 ^ 

where, if you wanted tlie fum of the four firft terms, write 5 for z in T 
x«»— 1, the dinner value of tbe iiim S,. and the fifth tarn -^for T» 

and yoD Witt obtain 2i^aBf«JL+J_4.-L+_L, fyc tefboriicft 

5-6 1.2 2.3 3.4 4'5 

terms j and ii you would Jiavc the fum of all the terms, except tiioie 

lour, write 5 for «^ and for T,.inT«-f-i, the latter vabe of S; and 

yott will have — raf— JL4-JL-j-_L-f -L^&c. And thde two values 
* S.b 5.6 6.7 ' 7.8 8.9 ' 

of S added together, that is, thefiimof4andt, noakes^^^siforthe 

5 

value of all the terms from die b^giiuiiiig in injitiuum. 



I 



PROPOSITION m 

F OH equation to the /tries be a— -iiT-f »»— i.«TV S mil be — — jj^ 

• X m m z-\-z m ' 2; -(-3 m ^4-4. ra 

Imagine the lum S to be equal to the term T dra\'vn into ^, that is, S= 
T^, then write S— T, T*, y, the latter values of the indeterminate quan- 
tities, for their former value? S, T, and y relpedlively, and \vc ihall have 
S— T=TV, which taken from ihcjurmci S=;T)', leaves T=T^ — T'^, 

wlieiKeT'sTj«2[^. fimtif the equafipi^ to the feriet, namdy, a;— «T 



36 SUMM ATION 

. -f i.js^V ^ ^ T^:^—'^^T=^', tfaertfore by making thde two values 

ofTi equal between themieives, h will beTx^L_8s which 

jr I 

divided by T, and drawn into m— i .y\ ism— i.jr— i»+is»— y-f or 

— — — fj ^ 

m—i.y-\-y^ y— /;;+i=Oi which a differential equation, by tiic 

z 

refolution af wliich^ y the loot will be given. To that end aiTuaie/Btf + 

£-1 — — j 1 L \. &c. then ibr rands 

write their fucceding values / and 2+ 1 rdpedtively, and you will have 

1 ^ I ^ . ^ 1 i 

^ 2+i'^«-fi.a-f 2 24-2. is+3«-f 1.2+2. 2:4-3. Z-I-4 

. '2 a;.s4-i 2.24-1.24-2 2. 2+1.5;+ 2.2;4-3 

+ hoc And the firft vahic of multiplied by givea -f^—^ 

+ ^ + ^ h&c- Sabftitnte thefe 



2.2+1 2. 2+1. 21+2 2.2r+I.2+2.2+3 

lues, now reduced to the fame form, in the e quatio n, and there will refiilc 
m^-m^-i I I '>"=-^^-l'^''"'-^^ %t^ «o. whereby 

* 2 * 2.2+1 2.2+1.2+2 ' 

jmtting the homoiogoBt tcnm equal to nothing, we ihalihiveir^ » 

i=f a, e»L^k ^8s^^ r, ^. &c. And thefe being dveo, 

the value of ^ the root will be given ; which, laftly, drawn niLo T will 
give for S the fcries laid down in this propofition. ^E. D, 

COROLLARY. 

If If be a whole and ncgadve number, or nothing, the vihie ol S will 
terminate, and the loiea will be rumooablc. And when m ia negttiTe, 
the ieries will be infinitely great, except when atoso, for then the ~ 
*wiU be fommed by the firft example of the fifih , 



EXAMPLE I, 
Suprofx thia rcika t+ tA+4B+4'C+4D4-^E+ te. were pcopoi:. 
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cd to be fammcd, die equation defining it, is is— 4 T— 2;6T'=o, wlicre 
the fucceiEve values of 2; are li, 31, 41, 5cc. and the Icrics being 
compafed with the general equation, gives /rst^ m— i s»2, or mas— i; 
whidi being fubftttuted, there ariies 

2Z 2Z-\-2 2Z-^^ 22+6 224-8 

In which if tlicrc be fubftituted any term for T, and for z its corrclpond- 
ing valuer S will be the fum of T and of all the following terms in infi* 

mtum. \\^herefore, I gather 12 of the firfl: terms, and their fum comes 
out .7 533961813; then to obtain tlic fum of the rell, I %vritc tlie 
thirteenth term, tliat is, 00003029411 for T, and for x its proper value 
1 3 V ; and I have S =.00006058822 — -iV A— ,VB — C — /tD— -ttE — 
6lc. When tile tcinib come out negative and aiiirmative alternately, I 
diipofe them feparately in two columns, as under ; 

•4-.00006058822 —.00000224401 

---3744 

794 — 204 

-------61 20 

7 - 3 

I — 1 

•^•.00006082899 — .00000228373 

And the fum of the negatives .00000228373, taken from the fum of 
the affirmatives .00006082899, leaves .00005854526=8, wliich added 
to the fum of the firft terms exhibits .78539816339 for the value of the 
propoiedieries, dtttis, fiv the aiea of a circle wlu& diameter is unity. 

EXAMPLE n. 
Rb(^irsd the vahie of diis feries i— vA— ^B— iC— iD^AE— 
te. The equation defining the relation of die terms is 2— iT-fsT'sOj 
wherein the values of s; die abicii& are 1.2. 3 .4, and by comparing 
this equation with that in the theorem, « will be ssi, i»— isi, and 
/ffs2 j and coniequendy 

42; ^z,-\-\ 4^;-{-b 4^24-12 4;.'.-j-iO 

Now add together ten of the firft terms of tlie feries to be transformed, 
and you will find their fum to be .6168670654; laftly, to get the fum 

L of ^ 
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of the rcfl, in the value of S write tlie thirteenth term, viz. .1761970520 
fori', and 11 for Z; -^nd there will come out 6 = 
.08^0985260+^ A-I- AB+AC-J- > D f E4-&C. 
and I v making the coraputatiuii as in the uiar^iji, you 
will f.iid S=.OQ02397i 56, which added to the ^- 
aggregate of tne firft terms before found, makes 
.7071067810 for the value of the faics, that ts/ for 
^ h For y/^ may be wrote thus and c- 

volved according to Newton's thfiorem, the fories is 
that we have now mentioned. S= .0902397 1 56 

SCHOLIUM. 

Every feries whofe terms are alternately riffirmative and negative, if it 
be transformed by this propofition, will pafs into ^mother converging 
fwiftcr, whofe terms are of the fime fign. And, vice verfJ^ every fcrics, 
whole terms are of the fame lign, will go into another, wliofe terms are 
alternately negative and affirmative ; which will not yet converge fwifter 
than the former, except when the transformation is begun from terms 
fudiciently remote from the beginning. And if the fcrics be transformed, 
and that which comes out after the firft transformationt be aeain tranf- 
form'd, it will be the iame as that firft propoied. For exampk^ fuppofo 
this forles i — -r+i" 7 + is to be transformed, thci^ will come 
out T+iA-f 4B-f ^C+tI^H" &c. And again, if this lafl be transform- 
ed, thefird will come out i — f-j-f — 4.-}- &c. that is, it transfers the 
feries from the tangent to the fine, and from the fine to the tangent ; but 
in tbcfe cafes the operation mnft begin ::t the firf^ term of the ^riefi^ 
namely, when you are about the translbrmation of the whole. 



I 



PROPOSITION vm. 

F an equatim to the feries be TW— - — x T, atidK befut » 

^T, B=r-A, Csr^B, D=^C, E:^^D, &c. StnUSe 
z 2-1-1 a;-i-a «-f3 

A , B , C D . 
— ■ '-4 — ~, &c. 



For fuppo{eS=T X2!— If xjr, and by the difeential method S— T will 
be :sT' X 1 x/, the di£Eerence of thefe equations will give TsxT x 

2— «x_y— T'x*— »4-ixy. For T* write iu value, namely — ^ — x 

Digitized by Go 



of S JB R I £ S* 

^"'^ T, wcfhaUluveT«Tx]Bl^xy--Tx5:^x5tZ;xy' which 

divid«dby TxaPS, becomes -l-=:jr-^=^, or — L-=so. 
Fropi tiiis equation the rootj will be found after the following manner. 

-I- &c. then will 

y=l4. i 4- i +__£__ 

j» jw+i .a+i «r+2 . w+3 1. 2+2.2-1-3 

•f &c And 

ir= 1 -i^! 

+ &C. And 

M t , ^ t I dm 

Confcquentlyv— y+-y»==--4 ; — \. ; ; — 1 

+ ficc. 

But -i- is ^'l ^ I I ^ 

Th«fcre L_=fl^4._i=I!_+ ^-»"+' + 

' ' aj' 2— « X a . 2+1 » . a + i . 24-3 ^ 

'^-""+'"+' 4. Sec =0. ■ 

Now put the numerators = o, tliat tlie terms may vanilh i aiid for de- 
termining the coefficients you will have the following equations a — i^ 
b^tiy c—n . «+ 1, . «+ 1 . 2, Sec. SubiUtute thefe values in the 
feries afliimed £bry, inft ead of g , ^, d, &c. and the value of/, arifing 
from thence drawn into z^^ffV, wOl exhibit for die finies placed in 
the theorem. ^ E. D. 

COROLLARY. 

If « be an integer and negative, or nothing, the feries will be fummed 

acciiratciv hv this theorem ; and Km he nothing or nc^^ativc, the feries 
will he infinitely great. This propoiition and the forgcnng one arc ot ufe 
for the qu^idraturc of binomial curves. This i;, of ulc wlien in the ordinate 
AT^xr-fy x'f^, e-{-J'x' is =0. And tlie former is to be ufed when the con- 

rary happens. E X- 
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EXAMPLE I. 
RsQjriRBi) the value cf Ai$ fcrics i^-i^A-f Hb-^Hc ; l^D-r 

10.11 

The equation defining it is 1^=— -^x — — ^T, as will appear by writ- 

ing the values i, 2, 3, 4, &c. fuccefiively for z. But the equation in the 
theorem compared with this, gives »i=f, «=ai, whence As=2—iT, Bs* 

C=^^,D«-i^, E=s-Z^, &c. AiidS=4A+4B+|C-f- 

2Z 2Z+2 22:4-4 22+6 

rD-f-^E-l- &c. By performing the computation I find the fum of twelve 
terms to be 1.407397508. Then I fubftitute the tliirteenth term, tliat is, 
-rr X. 161 z 80259 iprTy andfiirjSy 13 its condpondii^ value; aud thoe 
xomesoDt 



As irX. 1 6^1 180258 


•161180258 


B=ix - 6199241 


2066414 


C= - - 664204 


132841 


D=ix 1 10701 


J5814 


E=ix 24261 


2691 


Fssix 6410 


583 


G=4x 1959 






45 




15 


Kss^X 102 


5 


1*=*^ 44 


2 




I 




Sss.163398820 



From this computation I get Ss. 163398820, for the value of all the 
tetms after the twelfth, which theiefere I add to the fum of the Hrfl: 
terms, 1.407397508, and I get 1.570796328 &x the value of the ieries 
to be fummed^ that is^ £ir the len^ of a femidrcular arc whofe diame- 
ter is unity. 

The initial terms are eafily reduced into decimal fractions, by the fol- 
lowing rule, when their fum is found, viz. piit/?=i, ^=^7 — la, c=^b 
— i^, </=i— ic, e^^id, &c. and the terms will be a, fJ, » ^, 6cc. 



EXAMPLE 
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EXAMPLE II. 

Let thk ierics of my lord Brounker be propofcd, _L.-j^ JL-|. JL -|- 

3*4 5*** 



The cquatiQn smfwering to the fame is T's= x — or likewife 



X^s=:t: X 1— »^T, namely by taking the beginning of the abiclila z fiom 

diverfe points ; in the firil the values of 2 are^, 4, v, 6cc. m=i^ 
A«:i:^T. B*A, C«-l5_, D=-i^, &c. Intfaelatcertbe v?- 




D=-2!L.. &c and In both, S will be =A+iB+ l 0+^0+ 



2Z-\-2* 2x4-4* 

&c. Therefore S will be givcji to more hgures, by aEumiog for T any 
of the terms lufticiciitly diftant trum tlic beginning. And likewife in 
otlier cafes we niay iiiHitute .x tOMpr/fm, and tbit by two different \v:iys, 
•when the tenns me ail^nable. But this kries, wrote alter this inaiiner, 
I— T+T— T+t— &C. will be managed by the third or fcraxth 

£ .C H 4> L ^ U M. 

HiTRSKTo we have treated of the fbrnming up of ibks which are 
ffodoced in the quadivmiie <tf'bincmiial 'Curves, ami the like* Bat we 

might proceed in the fame manner in caies that are more difficult ; Sat 
ibe iiim of the icnes is determined^ and may be found fi-om the given re- 
lation of the tesms $ and that by refolvii^&difierential equation, as in the 
lafl: two propofitions. But the problem would be laborious to feck the 
iufns indepeixlently of the terms, when die tcnns arc not aiTignublc ; con- 
fequently I have fought a quantity, which drawn into the term 1' exhi- 
bits the fum S. So likewife the areas of curves are eafily found by the 
middle ortiinatcs, for fcries coming out tliio way arc die xnuil: limple. ■ 
And thefe being fM-emis'd, I proceed to my method of relblving tlic roots 
of difeential equations, in ieries indeed more compounded, but at the 
iame time far mpre converging than the ibnner ; which, for this cauie on- 
ly, I ha?e e x hibite d, that tfa^ were fimj^, and fit for cdnmioD purpofe.<:. 

Hitherto we have denoted any fum by S, and its terms by T, T', T", 
&c. but in the following we (hall denote the ieries or fums, by S2, S3, S4, 

M &c, and^ . 
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lec. and their terms by T2, T'a, T% &c, T3, T"3, to. Con- 
icqocatiy 

S2=T2 +T^2 +T"2 + &c. 

S3=T3+T^:5+T"3 + &c. 
S4=T4+T»4+T"4-f 6cc. 

And as in the fcries S, the fucceffivc fums are denoted by S', S", &c, 

fo in die feries $2, they will be denoted by S^2, S"2, &c. and in the fcries 
S3, by S'3, 8^3, 6cc. and lb in others. But this notation I was forced to 
introduce, becmifc the fums and terms ot difierent ieries come to be con- 
iidered together in the equation. 

PROPOSITION IX. 

G I FEN the relation betivem tu^ fums in different feries, and the equa- 
tion to the term in cither oj tlje two ; to Jind the equation to (be 
terms in the other. 

The problem is folved by proceeding from the prefent relation of the 
variable quantities to tliat vvliich fucceeds, that the fums may from thence 
be expunged, wluch will be mani^ the ibUowing examples. 

E X A M P L E I. 
Suppose S and S2 be two fums in JilTcrent fcries, and their Rdadoa S=s 



m+^-z «^ ^ ^ T'=2::::2x " T , be tbe lekdan tlie 
terms of the feries S j and from thefe given req uired to rind the equation 
to tfaetcmis of die ieries Sa. In die cootion Sg= ^^^"^ ^ ^~ ^T A-Sa. eadik 

biting the relation of the fums, fubftitutc the crml nincnt values of the va- 
riable quantides inftcad of the preceding ones, that is, S', or S — T, for Sj 
S^2, or S2— T2, for S2 ; T' for T, and ai-f i for z j and you will have 

S-Tss^"^ ^-^t ^^"T'-f S2~T2, which taken ton die fenoerletm 

the equation 6ced fiom die ioms, naniel7» Ta= ^ ' . ^T^. 

^•^-"T»+T2 , whence T2 k ^^+^ '^- ^ Hi+l.^-u 

T.mwhkhfubftitoteforT'itBownTalue:^— X— ^-T, and you 

will 
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will have Ta=s ■ ■■ ' . T . Moreover in this value write the 

jbcceeding values T'2, T', and z+t, of the inddenntoate quantities, ibr 

the prefeot T2, T. and and there will ariie T^2 ~ ■ ■ * ■ . 

T^i where for f ' iubftituting again its value, it beoomes T^zn 

I —Tx X . , from which there comes out 

iw+ i.g+ i. g— 11+2 « g— ff-Hi 

Tsss— i- -i—j — -i— T*2. . But the equation « 

1. « ^ 

let the two vahies of the termT bemadeequaltoone anodier, and yonwiH 
get this equation, T^2=^^^x— S^^Ta, which expre&s the relation 
of the Cerm» of the feries S2. ^ M, I, 

EXAMPLE 11. 

Suppose now tlic relation between the lums S==-yx3-— i-^T4-S2, aad 
4^+2 

SiT-^fT^ %z-{-i the equation to the ferka S. In the equation to the fums 

write the fucoBflwc values of the variabk quantities^ you will have S^T 

•8b^x^±|ti+Sz— T2 i vflMk taken from the &nner, 70a wiU iMie 

T=:4xif±lT-| X i^T+Ti J, firom which yw wiU find Tasr^ 
4aH-a 4«+6 ' ' 

xl^T+fxi^'T. But l)y the equadm to the feries S, sT's- 
-4-T} idiich being wrote, theie comes out Taaa+^xi^^T+ix 



,±^x-^T,orT2--4Tx-4--x— I— x_I— . Anda0un,br 
having recourfe to the fucceeding values of the indeterminate quantities, 
yre ihali have T*2 w— ^T" x — V-x — I— x — w by iubftituting-r 

22+3 22+4 22+5 ' 

^ -Tfbr3T», T2*^x-i— X— — X— ij— x-^T}whenceT 



2:+ 1 ^ 22+2 2 2;-|-3 22+4 2^+5 

=5, 22+2. 22 +3. 22+4. 22+5 .T'2; and by the vaiue of T2, tlic 

fame 
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fame T k =rt-^4x 22.-\- 1 x 23b~|-2 x 2S-(-3T2 ; wbi^h tv/o v.: !;.ics being 
made equal betwixt thcnilllves, \vc llull obr.iia zz-\- vZ x T2-\' 
zz-\-lz-^^x.2Th = o, for the cqlintinn to the tcnns of the Icrics S2« 
Ami iiJ like Uiiumer we mull prcxtxii in otJici' caIcs. 

SCHOLIUM. 

By dm propofitioii, iniiiutc kiie^ nuy be compared amongll themklvcs. 
For an equadon exhibiting the relatkm between the fiimsSa»d 52, will p;ive 
one from tiie other being given; andlfae teniis of S find S2, will be pvm 
Brom their own equations, whereof one Is tffiiiaed» but the other is mnd 
the «l£]ni6d;«s in the above examples of this pr^^ iLsifthe 

relation of the fums be S=— — T+S2, and the equation to the ieries 

S "be T*sBt.22-£2iiT, you will liiid T2— -^-^aiid T'2 — ^^""^^"f"- 
Z!s ^ etxz ^+22;+ r 

Tz, the equation to the ieries S2. Let now t» 3, 4, 5, 6cc. be the fuo 

rer{!in(^ vain >s of the indetenninate quantity and by putting unity £oc 

T> you will iind 

8=1+4+4+ + -V+V.+ &c. • 

$2 = ^ into l+r+TV+-ri^+T^r+ &C. 

in the firft, iht defwrninators are iquaicsxif ifae natml nsmbers, and 
In the 4fiA^ the of ^tnaaguiir ooabm. But tiie tcklioa bo- 

t««eentiieftrfesSasl^liT+S2 (by writing 2 Ibr z, and vrnty Ibr T) 

will give S2a«=S — Tj and by drawing it into 8, will be 8S — i2=SS2=x 
1+ ■ +T4r+T-jRr+ + &c. And likcwifc the fcries whofe denomi- 
nators are the fqtiarc of pyramidal numbers, tri^^n^ulo-tnangukrs, 6cc. 
may be compared with a Icrics in which the dciiounnators are Iquares of 
the natural numbers and, in general, all feries may be compared wiiich 
luft defined by the loHewing equations, 

af+^.«+r * ' »+^+2,»+r+2 * 

&c. whete the numaator remains tbe iame, but die dcnomingfogs are 
teaied by miring ooB^«a% «-f I ;ler 0. 



PROPOSITION X 

^~^'O Jui(Jy nctirh', the '■crJueof a feries define d by an ffuation of thi s fitm^ 
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C A S E I. 
First let r=si, and let us fuppofe the equation to the fcries be T'=s 

^ZlHy^-^IlH-r. Lftm MS=£±tT muim proximo, OF S=^T 
accurately ; and by proceeding to the fn receding values of the inde- 
terminate quantities, S— T will be 1- - '^^"^^T '+Sa— T2 $ the difle- 

rence of tfaefe equations wiU give Tg=^T-- ^+-^ ^T '+Tg, whence 

T2=^i±tiT«-ii±l2T. For T fubftitote itt value £l2x 

^ ^ 2 z—n-\-i 

T, «d thoe win comeoat T»=2±£±ixr:^x^l=2_T_^±£^ 

q z ^ — n-\ri q 

T i which reduced to a common dcauniiiiator, givcb 

Now, the kllcr the fiun S2 is, the nearer will —^T accede to the 

9 

•value of S ; and the leffer S2 fhall be, the lefler is its firft term T2 j but 
it will be the leai(, when the variable quantity z is of the Icaft di- 
mcnfions in the numerator of its value ; for z here is fuppofed to be great , 
thcrcf >re pnt the coefficients of the powers z' and z, equal to nothmg, 
an J v oii will have two equations q — m=Oy and m—q < n—i-^n-~p-K 
/o4-i=o, to determine the two aiTumed quantities/, ^. The £ril equa- 
tion gives jfs=/», fixrni which and tlie iecond, is found /« 1— j 

whence T2 wiU be ^ n.m-n-^i ^ ^ s^=S±l:^T ferh 

And in like manner will be found the approximation, wlien the equa- 
tion to the fcries 181^= ^^i^^^^T, or more compounded; butthe 

zz-^cz-Yd 

coeiHcients after b and d do not come in this computation* 

CASE II. 



SopposE now the equation be Tx««+<»2+^+''T*^J8»+tf»+^=o. 

N r being 
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r being any Rainber» except tinity. Suppoft SaBs^x-^-T4-S2 j then 
write the Utter values of tlie vurkble quantities for the former, and it will 
become S— T=^x^i^iiT*-4-S2-.T*, wbidh taken fiomdie fenner, 

leaves T=/x^T-/»x|±^T'+T2i this equatioa wiU ^ve 

by Ac equation to the 

ifim S, T*it-^Ix£ii±i^^±4 wbkh heioc wrote fef T, there 
cMpf6 0PtT2 w i-.. ^ , ^ T . T-'^x T T X — X — J_ If the 

terms of this value be reduced to a common denominator, and the coctH- 
cients of the three higheft powers of a; be pat e q nalto nothing, the 
firft e quation will gye rp-^^ p^r ^ the fecond iw— » xr-f-i=f— g, the 
third €-~axzn^-i-\'ii—iz=zm—n%rc-^rn-i'r-\-n'\-mai and thefe 

thtee cqaatioD. give f=-^, » a«d««»+^ ; 

wherefore the aifiinq^ qnanti^fi />, and are given ; and fiom thence 

the qua^ti^ p x . T, which i& e^iai to tiie feriea very nearly. ^EJ, 

PROPOSITION XI. 

IF rgSzgx T if «f ^Mff exki^ting tbe rektion qJ tbe 

/wsM ^ rfe JismW S, put 

OT+2 ffi«|-3 * — »4-2 

X4= — ^ — X — I — X — I — X r-*T3, 

^ JW+5 21+2 «— «+3 

' Tc=-i-x5liix'+3x^z:M:lT4. 

^ w+6 «r+7 a— «+4 ^ 

&c. And 
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^ the preceding propofitbo^ the quantity ^ is equal to the 



lerks S nearly. Thcfdbfc let Sss^^i-^^^T+Sa aocunldtjry and you 

vittuadT2s=-x x-x — T, aDdT'a«= — r— x Tz 

the equation to the terms of the fcries S2 ; from which being given, the 
^uantity ^"^-^'^"^^"^"" ^^ - T z, by the above piopoiittoii» is fixnd 

DMdyoqDaltotbeiferiesSz. Then by affmniog S2» ^-^3 '^+2-2 .»+i 

Ta+83, ^waifindT3=-4-x^x'^x!^=^T2,«HlT'3 

' ^ m+z sH-i JK— /i4~2 

X ^T3, aneqnationto tbe termsof theienes S3 ^ whence you 



as +2 a — «-i-3 



iwH find the quantity <^+5 ♦ ^+4-3 > ^-f nearly equal to tbe ieries 

S3 ; and fo we miglit proceed furtJicr. Tlicrefore the firft term in the 
value of S is cqiial to S nearly, and the fccoixl term equal to S2 ncarh/, 
and the third n^ual to S3 nearly, and lb in tlie rell, that is, the firfl terjii 
is nearly equal to the ieries wiio& value is fought ; the ficond is nearly 
equal to the defedt of the firft tenn from the true one 1 the third is near- 
ly equal to the defeft of the two fiift from the true one i the fourth is 
equal nearly to the defed of the three firft from the true one, &c. Tlierc- 
fore the value of the fum S is a true one, and converge very fail. ^E.D, 

COR- 
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COROLLARY. 
The value of the feries S here exhibited will terminate when n, or 
/i-f I, is nothing, orawhole and negative nranber} and in other cales 
it will proceed in infmttm conmging very £Ul to the truth, ezoe|it when 
(beonife M is nothings or a negative quantity) the value of the foies is in- 
finitely gieat 

EXAMPLE L 
Rb4^ired the value of this feries i +^^^+^4.^^+ &c. The 

equation defining the relation of Ac terms Is T'== ^ ^ ^ T; 2, 3, 4, 

5, &c. being the values of tlie ind'?tcrminate quantity 2^. And this com- 
pared with the equation in the theorem^ gives xassi, n^i, which being 
wrote there comes out 

T^-T ^ 8T2 27X3 64T4 ^ 

And S==H=lT+??±2T2+H±iT3+^T4+22±i;T5+&c. 

Now collc(5l the firft ten terms, and you will find their aggregate or 
fum 1.5497.6773.1 166.5406.9 ; tlicii for z write its eleventh value, or 
12 ; and the eleventh term tIt ibr T ; and you will find, by the com- 
putation, 

T =.0082.6446.2809,9173.55 .0950.4132.2314.0495.8 

T2= 2869.6051.4233.24 1.2434.9556.1677.4 

22.6398.8277.97 65.6556.6006.1 

T4=s- 3118.759 j.62 7128.5928.3 

T5= - ------- - 63.36c2.70 123.2102.5 

T6=:- 1,7188.93 2.9690.0 

T7= — - 583-96 920.9 

T8=; 23.78 34.9 

T9= 1.12 

S=: .0951.6633.5681. 6857.4 

From this computation we have Ss.0951.6633. 5681.6857.4, which 
added to the fum of the firft terms, exhibits 1.6449.3406.6848.2264.3 
for the value of the iaies propofed. 

EXAMPLE 11. 

LETthisfcries iH-iliA+MBJ-i:ic+Z£D-^-^E+ &c. be 

2.3 4.5 0.7 b.9 ' iO.II 

given to be fumm;d. The 
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The equation denoting the lame Is T^=^^-^x ~-f T, as will appear 

by writing tbe Taba i, 2, 3, 4, 5cc. liiocdliTcly for z; and the equation 
in the thmeoif computng with this, gives msst^y «=sri coniequendy . 

T2 = T > T3=— ^fi^V-Ta* T4== — iiliil—Tj. 

1.3.2.224-1 5.7.;cH-i.22; + 3 ^ ^.iiJS+2,2z-[-s 

1.3 ^ 5-7 • 9-1^ 
By addition you will find the fum of ten of the firfl terms to be 
1.3916. 94645943. 2880. 5 ; then to find tile fum ot the reft, write 11 lor 
and the eleventh term for T, and you will have 

T =.0083.9003. 5809.6168. 1 5 .1789.9383,0605. 1 5S7.3 

T2a 22 10.892 1.7644.7 1 1,0738.61914274.3 

T3= 15.16040349.56 AS'H^'^^S'i 

T4S ------- 1963.2742.16 4570.9051.0 

T5= 38.S835.92 76.0818.3 

T6= - - -- -- 1.048A.94 1,8104.4 

' T7= 358.18 562.5 

T8=: 14.77 21.5 

T9= * 71 ro 

$21791.0168.0851.0055.6 

which added to S, the hm ai die inittsi] terms, there wHl come out ftr 
the value of the feries 1.5707.9632.6794.8966.1, that fye the ienu- 
peripheiy of a circle who^ diaineler » iini^. 

EXAMPLE m. 

Let this ierks 4+ IdA-|-i:LB+|4iC+Z£iD, te. be now pio- 
^2.7 ^4.11 ^6.15 ^8.19 ' 

jKxied I which k defined by this eqoitiQa T^s^ 

2, 3, 4, ficc. are the values of the mdetcmiidatc quantity z. And m will 
be =i, and therefoie T2= . T, T3= g- '^'^ - 

T«. T4= T3. .nd 8„6.^-i..^ 

22. g+2. 4^4-11 1.3 ' 5.7 

22.24-4-j.y, y Ice 
9,11 * 

O Now 
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Now add nine of the firlT term?; tocrethcr, and the fnm Is 
.«;o 5 5. 004 1.4718.^193.0 J iuid wntiiig 10 101 ;z, uiid tiic tcntii term Sat 
T, 1 iiavc 

T =.0047.5565.5924.4791.67 .0935.2789.9848.0902.9 

T2= 921.6387.4505.41 4160.5406.2053.0 

T3= 6.8760.0058.48 19-5767. 2S'93. 3 

T4= 995-^557-^^ 2185.7755.9 

T5= - 22.0991.75 40.9826.8 

T6« 6653.41 1.0937-5 

T7s=— 252.54 379.0 

T8s • 11.51 16.1 

T9=; 61 8 

SS.0935.6970.2649.4765.J 

Laftly, the ium uf tlic initial terms, added to S, m^kes 
.5990.701 1. 7367.796 1. 1 for the value ot the fcries, that is, t r the ordi- 
nate of tlie clailic curve. And this number "James BernouilU liatii right- 
ly £>uiid tu be contained between the limits .5983 and .6004. 

EXAMPLE IV. 

LETthisScric8i+— A+2dB+i:£.C4-2diE4.6cc. bcnropof- 

^,S 4.9 6.1J *^ 10.21 ^ 1- 

cdi which is defined by this equatioaT'= — -^T, i, 2, 3, 4, 



&c. bet^g tlie iocceedbg values of the lodecenmnate (Quantity z $ here m 
asfj and conlequendy 

■ 

T2^ '''-^ T , T3«:. — i:17_Ta, T4«^, . T3, 

2.z.^-\-l io.;3-f-i.4JS-f 5 ■ lb.-:+2.4Z+9 

aKl8o^±riTH.H±2Ta+2i±iT3+i2±5T4+i^T5+ «tc 

I ^5 9 '' is 17 

The fum of 9 of the firH terms is 1.2157.0599.7306.1 '>6o.6 ; and to ob- 
tain tlie fum of the reft, put 10 for JE» aodibe tenth teon £o£ X, and by 
conxputation you will obuin 



Tsr 
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T =.0050.1271.8406.8834.46 •0952.4164.9730.7854.7 
Tass - - - 1833.9213.6337.20 8o69.254a2o83.7 
T3S5 15-5605.4494.38 43-2237.3595.5 

T4aa • • 1(425.8219.16 5224.8472.0 

T5= 56.8742.44 103.7118.6 

T6^-------^-*- 1.7922.5 1 2.9017.4 

' T7= 707.95 1047.R 

T8= 33.45 46.1 

T$j= 1.83 2J 

S=:.o953.2277.9b39.923b.i 

which heing added to S, the £am of the you will have 
1.3 1 10.2877.7 146.0598.7 fijT the ^alue of the feries^ that is, for the 
length of the ehr/I/c curve, when extended into a tight line ; and this 
number BemouilU hath determioed to conlift between the limits 1.308 
and 1. 31 5. And if its ordinate be added to the length of the ckftic curve, 
we ibdl have this number 1.9 100.9889.45 13. 8559.8, which isthefcmi- 
periphen' of* an ellipfis having r and Vi for its axes. And I hopethefe 
examples arc ilifficicnt, for I would not dwell upon ierics which may be 
fumxusd up accurately by this proportion. 

SCHOLIUM. 
This theorem exhibits the areas of binomial curves whofe ordinatcsare 
cootained under this form ifii^e-^Jx f widi cai'c, yd in this cafe Only, 

whoaf4^aio,or«'»»* jti that ]&» whea the ffxiM .{xkivciget vny 

flow for the area. But when tlic areas are not to be produced be- 
yond 8 or 9 figures, it i& fuiiiciciit to find the ium of four ot thc 
hSk tBrms, Jfor S will giire the ibm of the left with.llitle trouble ; nay if 
no InitJat isniiB he got, hot the tranafonnatioobc bcpm at the fifftterni, 
^ value of S will approximale iaft enough to the value of the whole 
tics. But the fcries in the theorem is tendered more genend, and is ez- 
tended to cafes which don't belong to qoadntares, as follows : 

Let the equatk^a to die fcries be T^ss ^^^^^^^ T i and let us put 
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"''^ »4.4 ' . ^ »-f3 :|;a;+,i_j-4.2;+r+2«4-4* 

«+8 ^ «+7 8.2;4-r4-4/i+i6* 

and S will be =s 

•£t£r:iT+^i±-LTa+2±ipiT3+2±^T4+2ii^ T5 +&C 

EXAMPLE. 
Let there be propo&d to iefkst+— A4 Hb+I^+#^I>+ 

2.4 4.6 0.8 * 



&a k defined by ihecqiiatiGiiT=-f-x-4.T, t,4,4* 

10.12 ' ^ 2;+i z+i 

X, &c. being the fucceflive values of the abfciflk z. This equation cannot 

be compared wkhT'as^^-^x namely iinth that ia the pcc^ 

pofition, in which however there aic two iadlors z — «, and z — «-f ^ 
feriDp by uninr> whereof one is in die nnmeiator, and the other tiie de- 
nomnafior $ mioe die difeeooes of the fiidors in the numerator and de- 
jomtnamr are i and 4^ in die equation defining the propo(ed ieriei. 
Therefere I mttlti|ily the fidors into one anodier» and thne comes ootT* 

-T, and I proceed to the equation in the Scholium ; which 



zz 



comnocdwididieodier, Ihaveiii^o^ffA^ and tbefe being 

labl&tnted» dm anfia 



Digitized by Go 



of S E R 1 E $• 

T J X J{ T2> 

T6«,;;.x T5, 



53 



t o« 



I 0 1 

4 o > 



1.8 T 3.16 ^ 5.24 * 7*3^ 

Now feek the fbm of fi:ic of the firit terms, and there will come out 
.6106.6818.2773.0. Hien fiibftitute the fcventh term &r T» and-r-the 
ieventh mbie and by cdkuktionyoo will find 

T =.0036.3492.9656.98 .0258.9887.3806.0 
T2== 1825.5785.il S2JO.SOS3.3 

T3= 29.7131.92 59-^739-9 . 

T4= 8425.62 . 1.3879.7 

^5= 33930 491-0 

T6= ^7*50 

T7a= ; . . 1.09 i.^ 

Se.0259.5 1 58.9994.3 

S being now found, let it be added to the fum of the firft terms, and 
there will come nut .6';66. 1 977.2367.3 for the valine of the propofcd fc- 
ries } and if unjty be divided by it, tlic quotient willgive the ar^ of a circle. 
And thus are leries trans foriDcd, which are dchned by an equation 

of this Ibrt T'ss ^^'t'^'"' "f'^'^ 'I^^ T, or by one more geneial. And wemay 

obierve, that the equation 'Hss — ^^+^^ y ^ ^ icholium, is not txr 

tended therefore to fewer cal'es, becaufe a term is wanting in the numera- 
tor, in which z is of one Dimenlion fur that nuy always be taken away 
by changing the b^nnhig of the abidfla, and by that means the theorem 
is mdered more fimple. 

P PRO- 
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PROPOSITION XIL 

Equtred to trcnsfirm a feries defined by an equatkn of tbts form 

into another converging lerjjwift. 

h d I ' 

AiTume m=c — r:* ;7=«7~J — j-- ; and by the tentli propoii- 

tion — r— x '^ T T will be C(^ual to the feries nearly. Theretore let that 
qaantitybetiiefirfttennof thettftfisfbniioiim andtofindtlieieccuid, 

put S=--j--x - T-[-S2 i tlien by the ninth propofition feck the equ^ 

don to the terms of the feries S2, and out of tiiat let tbere be taken a 
quantity that is nearly equal to S2, the fame ifay, as the approximation 

was before found to the feries S, and that quantit)' will be the fccond 
term of the transformed feries ; and by proceedii^ thus, you xuay^ndas 
many Mowing terms as you pleafe* ^ E, I. 

EXAMPLE L 

StrpposB tius ierics VI2 into i — - — { — ^- — I — Ir U 

3-3 5-9 7-27 9-*^' i*-243 
&c, \vcre to be transformed, which Dr Halle\ ga\ e for the quadrature ot 

the circle. The relation of the terms is dehned by the equation zT-\- 
3T'2;-j-i r^o, in which the values of are x, f, 1, &c. and by com- 
paring this vviUi the equation in tlic problem, ;=3, ^=0, ^=0, c=.i, 
H—c^ and from thence wr=i, which bein^ wrote we (hall have 

^ ^ i"^ T ibr the £ril term of the feries tnuiis£3niied. 

4^+2 

Suppofe Ssstx "^""!"^ T-j-S2 i then by writing the fucceeding values 
of the variable quantities fer tlie preceding, there will come out T=s4 x 
-^T'-|-S2 — T2, the difference of which equations will give T=^x 
42+7, 



lf±3T-^x-^-^T'+T2, and from thence T2=ixi^T+i)C 

~" "^T^ But by the equation to the feries, T^= — iTx--~-j which 

being 
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12 1 

being fubftituted, vou will have T2s2— f x —x. ■ — x — i-— Tin 

'which writing the ktter variable quantities tor the former, it will become 

T', there wiU oome out T'a«+ix— L-x--4---x--l—x^T j 

by this value of T'2, T is =^,x 2;£-[-2x 2 2;-j"3 ^ 2s;-|-4'< 2^^+5T*2 j 
and for the value of T2 before found, T=— * x 22; -|- i x 2z-\- 2 x 2z-\--^T2. 
Laftly, by mak ing thele two values of T equal to one another, we lhall 
have zz-^-:ZKT2-^i,Th.-<zz-\-^z-\-^~o, an equation alfo to the 
terms of the ferics S2, whicli compared with tliat in the propofition, gives 
r=3, fz={, h=o, c='i, d=s* hence /«=3, «=2 j and therefore ^ x 

^rhlTz will be equal tathc ieties Sa aeady, and k coDfequently the 

iecond term of the transformed (eries. 

To £iid the third affiime S2»ix|^T24-S3 $ by the difieieatialme- 

thod S2-T2 wiU be ;=^x^±iT^2+S3-T3. which fubtraacd from 

the farmer, there remains T2= 4 >'--t-^T2--tX-— !-^T' 2 4- T3, from 
' : af+2 2. 4- 3 

which there arilcs T3 = i x . T24- ▼ x -^pT'2. But by the equati- 

on to thclcries S2, Tzss— »ix— ^x— -^-T2, which being iubiUtu- 

ted in the value of T3, we have T3s=s^ ix — ^, — x — ^ — x — ^-rT2 ; 

. .. **+4 ^^-^5 22+6 ' 

where by wridng the oonfequent values of die variable quantities Bx the 

prcceeding, there will arife Th=— ix — — — ^ — ^-3^*2 : or 

^ ®* 22+6 2«+7 2«+tt * 

"by fubilituting for T^2 its value, it will be T^3=tx ^^^ - g X~^|-- x 
6 2 ~ I I 

.— oXj'X — — x — 4— T2. 11 by liic values of the tcrnib T:;, and 



T^3, T2 begot, there will rcfaltjK2;+t2;T3+3T'3x»;24-^;£4- 14=0, 
which is an equation to the terms of the feries S3, and comparing it with 
that in the theoitm, it k as^i, iso, Cs^^^ ^"^Hi confequently m=s 

— fir— 
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^hoK&sc 7xl^^ii.T3 wiU be die apfiraninadoii to |]» 

Icrks S3, or the third term of the transfonncu Icries. 
And by a like fsoce&, by patdng S3«s^xi^4— '^i+^4« 3^ ^ 

fiodtbfi^Mirthtertn to be ix^^i^T^^ Ja. baag ^-^tX 

■' ^1 fl X — ^7— T3. And in like manner the tnuufimned feries will be 
luced at pleafiuei but the progreflkmof tfaetcnas thus, 

T2 X — ^ X— 1-->«-^— T, 

2S^l 23^3 
22-|-4 22-I-5 2JS-|-6 * 

' 224-10 2Z'-f-n zat^iz ' 
&c. 

4 ■ 

AndS=^intc>l^T+H+^T2+i^T3+±^ ^c. 

Tbeibm of the firft ten terms k ^.1415.9051.0938.0800.9964.25 
the ekventh iiibftitated ibr T, and V-nir s^, give 

-J-T =.0000.0 2 '79. 3 56 5.00 1 4. 1 3 47.8 
— T2= 172.5274.8297.5 

+T3=---- r I.474-5933-7 

— T4= -■-i- 3.8136.0 

+T5=»-r--T r-.i9«.» 

-T6« - • 1.5 

.0000,0214,2791.3363.1 147.5 ,0000.0000.0139.7472.6106.4 

J244.1885.8 3.3215.2 

171.7 • U: 

tJ-.oooo.o2 14.279 1.4607.3205.0 —.0000,0000.0139.7475.9323.0 

Now by taking the negative from the affirmative, there will remain 
.0000.0a 14.265 1 .71 3 1 .3882,e» which ivkied to the fum ofthefirft terms 

makes 
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makes 3.1415.9265.35897932.3846.2, ibr the value of the propofed few 
ries. Add thtfe £x terms the ieries trans^rmed peffonn the &cac 
thing as thirty two of the iimple Tories. Bat the advantage of theie theo- 
rems will more evidently appear in feries converging very flow, to whc^ 
i^uesvifecaiinotoomeby a mere addition of terms. 

E X A M P L E II. 

Let this ferlcs 1 — — T^- f'^ — ^^H" he pro poled to be 
transformed; whofe cquaUon is zzT-^z t.'\-2z-\-iT^=^o i, 2, 3, 4, 
5, &c. being the values of z fucceeding in order. Here we fhall have 
tf=o, 5=Oy f=2, //=i, r=i; whence ;;/=i, «=o, and Lncicioreix 



' T is the 6rA term of the tnuis6)rmed fecies. 
z ' 

z~\- 1 

To find the fecond, fuppoie Ss=tx~-i--T-j-S2 i and by the difoeii<* 
tiai method there vi^ill come out S— T=:ix^^T<+S2— T2, vrhkhde- 
duded £:om the ibrmer equation^ leaves Tst-x— ix^XjT'-|- 



T2i from which we ihaU find T2=sfx^—lT+i:x5i^T»i but thee- 

quation to the ieries S gives T'as , . which fubilituted. there 

^ ^ «a;+2a;-|-i 

will come out T2= ~ Xj»=--. Now write the confequent va- 

lues of ifae variable quantities &r toe preceding, and there will arife 
'^^ ag^ a I* ' ^ putting for its value, T'2=tx 

5^i,4^ -^.T . By the values of the .terms T2 and T^a exterminate 

^+11' 2+2r ^ ^ 

T, and you will have xT2-f-2;^-J-~-^'+i5^'+i4^+4'^T'2, 
which is the equation for the tenns of the feries S2 ; and oomparing it 
with that in the propofition, gives ^so, rs-^, Jssi^^ rs= 1 and 

therefore f»=2» »=i* Wlierefore T z is tlie value of the ieries 

S2 punKpnxime, or the fecoodtermofthe ieries transfimiiedi audio by 
pfoceeding as in the above example, you will find 

2Z ""i+T]'' 22+2 ""i^'' 

by Go .i 



it SUMIIATIOM 

And S=2±iT+^T2+^T3-^2±2:T4+ &c. 
' Olv ftraneafiercompiitatioii, put 

A=T, B=^, C=^. D=^, E«^, &c. And 

2+Tl Z+2\ »-Hl »+4)' 

The fum ten tennsof die tdnot to be fiimnied op, under tfaeir pro* 

per figns, is .S 1 79.62 1 7.5610.98 5 1 .3 . Then to get the him of the reft, 
fiibOitate the eleventh term, mitu^ -rrrforT, ai^ii ibrdiefd^eQhc 
value o£ 2, and you will have 

12*12.12 13. 13.13 I4.i4a4 
AiidS=iVmto6A^76+8C— 9D-fioE*- &c. 
Hk compotatioii is'as ftUows : 

• A = .0082.6446.2809.9173.5 

B = - • - - 478.2675.2;?72.2 

C = 1.741 5.2944.5 

Dss.* 171.3604.0 

E=:-* 3-2495-0 

S*= 991-7 
0 = 43.6 

Hs -.2.6 

Is 2 

Then 

.0495.8677.6859.5041.0 .0000,3347.8726.6605.4 
13.9322.3556.0 J544.243&,Q 
324950.0 1^8.7 

S«3-» _: 32:5 



J — *woco.3348.oa96.99b3.9 
+.0495»869i.62i44073,o 

The difference of thefc fums, divided by ii, rives S«s 
.oo45.o4%78i3.i28o.8 ; which added4Qtfaefbmorthe&ftteii» mafcea 
.8224.6703.3424.1 1 32. 1, for die vabe of the fines $ and whicn thia 
nmiar khiilf of that fband in die firft enmple ofdieelevaidi propofi* 
tion, we may conclude dvtt both* methods 01 computadoa vtre righdy 
nude. For the kne$ tV+ te« when the teona are alter- 

nately 

Digitized by G 



of 8 £ R I £ S. 59 

natcly negative and a^toitive, isbalf of s+i^-^+^te*"^ which all 
have the lame %i. 

EXAMPLE III. 

Let thh fcries i — T-f""^ — ^4 ""^ — be propofed, wliich is de- 

fined by the equation 2T+z + iT^=o, in which the values of the ab- 
fcifla are t, 4, 4, 4, &c. and, by making a computation according to tliis 
propoiitiooy we ihall come to the Mowing rule. Put As%T» thea 



And 6 will be v— ipto zz^iA^zzr^^B-^-zz-j^^C—zz^i^D-i' 
4* 



iz-j-iyE— ^ The film of twelve terms In die ienes propofed is 
.7646.0069.1481.8329.5 i and writing the tfaiiteendi CermyrssTy and 
Zsat^t weilttllhave 

13.27.27^ 14.29,29 15.31.31 j6. 33.33 

I>> &c. 

Aad SssVy into jjA— i5B4-i7C^29D4-2i£— &C. 

A =3:.0400.000O.0Q00.O0O0X> 
B =s - - - * 422.0744.9614.9 • 
C aa 6452.6422.0 

D = -33-57254 

E = 3776.5 

F=: 734 

G=: 2.2 

Ii= I 



.5200 
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•5200.0000.0000.0000.0 .0000.633 1. X 1 74.42 2 3 . 5 

jo.'9694.9 174.0 .637.8782.6 

7.9306.5 1688.2 

55.0 2.7 



-{-•5200.00 1 0.9702. 8535.5 — .0000.633 1 . 1 8 1 24697.0 

Then by dividing die difference of the (urns by 25, there comes oat S 
5ss.0207.9747. 1 9 1 5.6 1 53 .c ; which, together with the aggregate of the 
firft terms, makes .7853.9016.3397.4483.0 for the ^ue of tmferies to 
befummed. 

SCHOLIUM. 

As one equation defines an infinite number of feries, Co one transfer- 
mation ierves for an infinite number of feries ; and every example is to be 
reckoned as a theorem. Thus die transfonnation in the lau example 
ferves for this general ieries^ 

Where it is to be obferved, tliut tiic kw for continuing a feries tran(^ 
formed by this propofition, does not always anfwer as in & examples wc 
have cfaoieo^ but it will in no wifo iooommode die work } fince aSfter we 
have colledted about fix terms of the leries to be fimmied, three or four 

of the transformed feries will give what is required accurately enough fof 
any uies whatfoever. For in pradice, it is ieldom necef&ry to continue 
the computation beyond nine or ten figures ; and the thing anfwers the 

fame end, whether the terms of the tra!i?formed feries are am;(fled with the 
fame or contrary figns, or whether they be affignable or not ; for the 
trouble will always be inconfiderable, except when in the equation to the 
icries the quantity r is negative, and at the lame time nearlv equal to uni- 
ty. Indeed if /•= — -1^, or = — iW, the computation will dien be troubic- 
fome i but tfiefe cafes the ikiful analyft will eafily avoid, for which there- 
fore it is not wortb while to prefcribea tonedy. 
Methinks, Im%ht aUb add fome things conoerningiefiesof diisfoity 

x+ix'-+ix'+^'^x'+ A Sec. 

Where the terms produced in infinitum have not a given ratio to one an- 
other, ns in feries which we liave hitherto conlidcred ; but tlie preceding 
.ire infinitely greater than the confequent. Thclc forts exiiibit the number 
from the given logarithm, or the line from the given arc, and they arc the 
nioft iimpie of their kind, which may be transformed by the principles 

before 
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before TaM dow n. But the thing is difpatcli'd more commodioufly witli- 
out traiisior illations i as in ilu6 ferics, which 
exhibits the number from a given logaridmix. If x be 12.3785, I 
might rejed^ the charaifteriftic 12, and ieek the number of the lo^tfam 
.3785 ; which would come oat in a ieries converging fkft, becaule the 
logarithm now is Icfs than niatyi and this being given, we may eafily 
find the number of the logarithm 12.3785 ; and the thing aofwcrs the 
fame end whether the logarithm be tabular or hyperbolic. 

And likewifc by feeking the fine from a given arc, if it be <];reater than 
a quadrant, fubdudt it from a femicirclc, and there will remain an arc 
Icfs than a quadrant, having the fame fine as the ioriner, as being its fup- 
plement to a femicirclc ; But an arc ieis than a quadrant will give its fine 
in a ieries convci^ing Iwiftly. 

Series which are defined by equations that inrdve Aree or more teimt 
of aieries, mav be fummed accorately, or as near as poffiblC) fiom die 
analyfis above laid down* But itmay ibfficetohavelaida&undatbnfiir 
iuch like computations, and to have opened a way to others, who have 
kafure and inclination to purfue this matter iorther. But left we may 
fcem intircly to have onutted it, we will give a general theorem from the 
acute M. De Motvre'^ principles, which is extended as well to fummatioa 
as to transfonmtion of ieries of this idnd. 



I 



PROPOSITION XIII. 

N ferie^ artfing from rfhtfioft^ there is the fame reloHm hetween t&t 
term as the fuccej^ Jum. 

■ 

Suppose this fradion • ^-i , which refolv'd into a ferics is 1+ 

1—3^+^^ 

jx-j^Sof'-f-s ix*-4~5 5J^+&c. Then the fuoceflive Turns will be 

^-5 — 5=i+3;f4-8;c*-f 2i4f^+5CAr*+i44**+&C,' 



3^— yjf _ 

1—5 A -(-AX 



aijf'4-55Jf*+i44^f'.+ &c. 



2ix^ — Sat* 



R And 
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' And ihft 

jftme number, have every where the iame rckdon as thetemuof aierics 
4akeii fi> naoy in number. For Bxmpk^ in the prefent caf^ ihe rda- 
latctk between any tfasee terms fuooeedlng in order will be x^^-^^sfP-^ 
T"=^o ; and for that reafon the relation between the fucceffive fums wlII 
likcwife be xxS— 3;fS^+S"^o, as will be manifcft to any one that will 
try it. A ' id the propofition is thus dcmonfirated : 

Let r, J, / be given quantities, and afTume tlie equation to the ibms rS 
+jS^+^^"=^i iLibftituting the fuccceding values of the varia- 

ble quantities for the prclent, \vc lhall have rS'-|-jS"-|-/S"'=o, which 
taken from the former, leavcsrS— rS'+iS^— jS"+/S"+/S"-/S"^^c ; 1:^ 
which fiibftitute T for S-S', T'fcrS^— S", and T"forS«-S"', aiiJ 
there will come out rT-f-jT'^-^'f so ; and this is the iame relation as 
dsat ofthe £un9 affiimed at fisft. Andifthecebemoceor&werfumSy the 
proportion wiU be intirely demonftrated the iune way . 

COROLLARY. 

Hence we have a method for fumming up thefe ienes from a gl\ en fO« 
Ution of terms, as wiU be made mam&ii by the £ilk»wi^ 

EXAMPLE h 

Let there be ^ven the eqoadoa to the terms rT-J-jT*=oj anc^ 
by this propofition, the relation of the fums will be likewife the iam^ 
as rS-^xS^ao. For S iiihftitiite its vahie S— T,. and there wiU 

ariferS-ffS->#TaBO, whence Ss:—pT $ wherefcrcthefkm Sfef^vcn 

from its hrli term T being given. As if the ieries be 

,2,4 ,8 , i6 , 32 , - 

whole ecpiation is 2T^«TissO} thenwinraas2, which being 

wrote, there will come out S^-^^T, or S « g * T. Now fubfUtute 

2— af— 2 

any Xgxm for and -r^T will be the ium of it and of all the £>Uow- 

.if— a 

ing terms to h^ium. Let T be equal to the £rft term, namely unity, 

aiid we ihali have for the value of tlic whole faies. 

EXAMFLR 
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EXAMPLE n. 

After the fame manner, if the equation to three terms be rT-j-sT^^ 
/T"=o, the relation of the lumswill be rS-f ^ S'-|-/S"=o ; in which, 
by writing S— T for 9, and S— T— T» for S", it will become rS+^S— 

iT+zS— /T— /Txao, gnd fiomtfacnceSa g - 'y^ conicquendy 

S is given from two terms being given. Let the fcrics to be fummcd be 

i+3«+8jf*+2ijf*+55jf*+i44«»+&c^ . 
in wiiidi tlic fdadon of the tenxis is jvxT— 3asT'4-T°go > -henc e r^xx, 

3*, /=i, which being wrote, we Ihall have — — — 5. 

now iuhftitiilie the fiiA term fiwT, andtfaeiecoQdforT'^.anfi there will. 

come out * — ; for the value oi the feries. • " . 

I— ^X-j-XJC 

Likewiie it the equati on to t he terms be rT+^T+/T»'+'wT"'«0„ 
S will be sg; ' , ■ . J . ■ ■ ■ 1 andio pn, when the relation, 
ii becween more term ' 

scholium; 

Tt is to be noted, that the rei -.tion of the terms, which is variable, ap- 
proaches nearer to an invariabie one, the further the terms are from the 
beginning ; and they become invariable at lafl at an infinite difhuice, as in 
jferies ariling from divifion. And this I call the uUunate relation of terms, 
to which their relation continually approximates ; yet it will never come 
out accurately fuch, before the tcnns be removed an infinite fpace from 
the beginning. 

But a difeential equation definiog z fines, by rejecting all die powers 
cfthe abfciifa except the higheft, and dividing the iemsinf ng eqimion by 
it, will give t he oltimatc re lation of tlie terms. Let this eqpidon jcxTx 

2;z+32;=T'x2;2;— 52?4-2 be propofed, reje£la]l the powers of the ab- 
fdiia below the fquar^ and there will remain xxXzz^T^xz^ which di> 
videdbyzsr, ymffftxxTssPi and this is die ttltinute relation of the 

term?. 

And tiic ultimate relation, when it is conftant, liipplies a mediod for 
fumming up feries as near as poflible, wherein the relation of terms is varia- 
ble. If any equation rTxz z-f^az-^ ^ -J" O-j ^< + f ;5 be given. 
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the ultimate relation of the terms will be rJ-^sT^s^o, whezice Sssp-^T, 

asnearaspoflible. Thb eooatkm oblabs aoconldy wl^ 
atanmfimtedifbu>ce£t>mttiebeginii]i)gy' and nearly when the di ftance is 
coniS derably great Likewiie If ^ equatbn be r T xaj+tf+jT* x 
/T°x «+f, tfaenltiinatB relatioa be rT+ ^T'-f-zT^ao, andS« 

, , ^ nearly; 

Coniequently by coQeftine ibnie initial terms, befi>re you be^ die 
computation, the ibm of me reft will ht had nearly hf this method. 

From thefe principles we may likewiie coned the approximation con- 
tinually. a6in the following propofition. 

PROPOSITION XIV. 

EFERrjen'es A+B+C+D+E+ &c. in which the ultimate relati- 
on of the term is rT-J-iT'-^/T^sso, by ajuming n-=^r-^i-^t^ and 
by putting 

A2=rA-|-5B+/C, A3=:rA2+jB2H-/C2, A4=rA3+jB3 +^03, 
B2 =rB 4-jC4-^D, B3 =rB2 +^2 -f rDz, B4 =rB5 -^-s^i +^03, 
C2 =rC+jD-]-/E, C3 =:rC24-jD2-|-/E2, C4=rC3 +^D3+/E3, 
D2=:rD-fjE-[-^F, D3=:rD24-jE24-/F2, D4=rD3-fiE3+^F3, 
£2 =rE +iF+KJ, K3 =rE2 +jF24-^2, E4=rE3 4-iF3+^3« 

&c. 6cc. &c. 

it diviied htto tie two following parts, 

1 - B , B2 , B3 , B4 , Be , ^ 

Bv this propofition, thercfece, a feiies, in which the ultimaie rektion 

of me terms is defined by an equation involving three terms, will be 
transformed into two here exhibited j whereof the firft vanifhes, when 
s -f- r=o. If the relation be only between two terms rT-^sT^=o, t will 
be = o ; and for that reafon the latter feries will vanifh, and that which 
is propoied to be transformed will go into one only ; in which particular 
cafe, this propofition will coincide with M. Monmort'i theorem. If the 
relation be between more terms than in this propofidon, the feries to be 
transformed will run into more feries. And in every caic the tiling will 
be manifeft, from what hath been exhibited i and I would not lofe its 
fimplicity, by afie(Sting to comprehend all in too ftw words. 

EXAMPLE 
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EXAMPLE I. 

Let tliis feries i-{'4.x-^gx^-{-i6x^-\-2^x*'^T,6x^'\- &c. be piopoled, 
where the coefficients ixvc Iquares of the natural l un^bci s ; tlic different:- ^ 
al equation is xT 2.-^-2 z~^i — T^zz=^o, uiitl hum dieucc the ultimate 
fciuiioji aT— r'~o, confcquently r=s#f, i, r=o, »=>f— md 

A=T A2 = — 3Jf, A3=2A'', A4=o, 

C=9Je* C2=— 7;^', C3ss2*\ &c. 

Therefore ail the terms alter A3 mifli^ acd by ibbftkoting tbek fti* 
liKB, the ieries ttansfonnedt becomes 

— I mto 



and theie three terms added together, make i -y, tor the value of the 

J— *| 

leriesi and if we chan^ the fign of 99 well la the (eije«,> a$ in it« 
valuer we (ball have 



and kom thence likewife 



I— XA| 

which may be added, without theie dithcuities^ diredtly by the propoiitioUk 

EXAMPLE II. 

Let this feries i-[-^*^+27^<f'+64x'-^i25A*4-2i6x^-j- &c. l>e pro- 
pofcd J where the coetiicients arc tlic cubes of the natural numbers, and 
the equation to the fericf? is xTx2'-}-3^*4-3^-f-J — T'ir'^c; confc- 
•quently the ultimate relation is xT — T^;=o ; und from uiaicc r=x, 
3= — 1, /=o, nz=x—t; and 

As:iy Az^^jx A3=i2;f*, A4=— 6a', A5=o, 
Bs=8x, B2a=— 19JC*, B3=r.i8*», B4=s— 6**, B5=o, 
Css27y*, C2a«— 37^:', €3= 24^*, C4SX— 6af», &c. 
Ds=64^^ P23S— 61^, P3SS30XS &c. 
£bi25x«, E2=— 91**, &c, 

Fsss2l6jlf% &c. 

^ ^Sg^ed by Googl^ 
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Here the tmna vam£b after and the values fubitituted in the the- 

—I into**— ^ — 



and thcfc four terms added together make ii4£jbii for the value of 

I— 

tiie (cries* 

EXAMPLE m. 

Let there be even this ieries 1— 6a:+27jc*'— i04Jf»-|*366jif*— iai2** 
4-38421^*— 1 i784 ac*4' fi cc to be fiimmcd, which is defined by this e^- 
quation x:^z-\-4— 2x'Vz'{'2^T^zsso, Now let « be infinitely great» 
and tie okiniate idatidn will be xxT— axT"— 'P'soi hence r=s»x» 
sssf'ix, /ss— .1, jfasArx— 2x— I $ and 

A==-l-i, A2=— 14;^*, A3=-|-29Jc*, A4=o, 

B=-6x, B2=+44xS B3=-7oxS B4=:o» 

Ctsz-\-2yx\ C2=— I31X*, C3=+i69a:*, &c. 

D=:— 104*% D2=+376x», D38s~4o8x% 

£ =-f-366jr\ • Ea=s— 1052;^% &c, 

F=-i2i2;fS Fa =+2888*% 
G=+3842*^ &c. 

H=-ii784*V 

Now fubflitute thefe values for A, Aa, A3, B2, B3, and the pio^ 
poled ftries will pais into the fcUowing finite ones. 



14.x* I 29 X* 



' «— aAP'+i into I „ i 1. . 

ATX— 2X-.I xX-2X—l^ XX—2X^l\* 

— 6x . , 44*' 70** ' 

— 1 into ■■ — t- ^ L^—i — ^ ; 

which two added together, m^j^g ' for the value of the le- 

rle8« After die iSune manner ^ theorem is aoplied to transfiirmadon of 
ieries which cannot be fimimed up $ bat the aemonfiration will become 
manifeft fiom what follows^. 

buppofe any [ n T ' « whofo numerator is a con- 

ibnt quantity compo8*d of any determined number of members^ ^ 

let 

Digiiized by GoogI< 



let its deriominator be arxy powei" of a quantity, which likcwifc is com- 
pofed of any finite jnumber of temiB. Then whatever tlie index nbe i£ 
the fradion be idblved into a fetks, ttoe will alwajs be the iame ulti* 
mate relation of ^ ttnns, a«-if die denominator were the fimple power 
v-^fye^sx*'\'rx*i therefore if the feries be continoaliy multmliea into 
this, the produd will at laft terminate, if « be an integer and amrmative, 
that is, if the feries be fummable by a iimple equation. 

Lrt this feries i—bx-^-iyx* — i04x*-|-366Af*— &c. be propofed, in 
whiLh t]\c ultimate relation of the coefficients is A — 2B— C=o j I take 
the quanriry xx—2x—i, or (by changinT; the figns) \-^2x — at j:, where- 
in the coefficients are the fame as in the ultimate relation, and I conclude 
the propofed feries (provided it be fummable) equal to fomc fraction, 
whofe denominator is fome power of the quantity i-f-sx* — xx. There- 
fore I put S~i — 6.v+27;c' — io4x''-|-366jf*— &e. iind I draw each p:nt 
into i ~\- z X — .V X ; and there comes out S x 1 - j- 2 ^— x x=. i — 4 x-\- 1 4 a: ^ 
— 44x '-l- J 3 — JWid becaufe it does not yet terminate, I draw it a- 
gain into the fame quantity, and I have Sxi-^zx—xx^^^i — zx-^^x^ 
— i2y'-|-29 Jf*— &c. then multiplying it a third time, I obtain S k 
i-J-zx— XA'l' = 1, all the terms vaniflung after the firft. 

Therefore, in ihort^ this propofition amount to nothing more than to 
perform a compendious metnod of mii]tiplicatioii> and likewifo the dif- 
pofitionof the terms in transformed fories, which ^xiakes them convetv^ 
jwiftly, when they do not break off or terminate. Wherefore I leave me 
'demonfh^tion to be invefligated by the reader, which is almoft the £une 
wiiether the denominators be trinomials, quadrinomials,. te. 

PROPOSITION XV. 

TO Jkd an f^atmij wbetter it 6e algehraical or fyudimdl^ nohofe root 
Jhall be any given feries 'mhatfiroer^ which is defiled hy M' equation 
in voicb the term of the feries are pnfy of one Mmenfion, 

The feries is given, from fome given initial terms, with a rale for form- 
ing the reft, and from tliefe given terms, an equation will be found ha- 
ving tliat feries for the root ^ which will be underflood by the following 

CJuiUipl^. 

E X A M P L E I. 

To find an equation whofe root is the feries A-|-BAr-j-C;i^'-|-^-'^'*"t" 
E jf*-|- &c. wherein th? relation of the terms is permanent, namely rA-j- 
.iB4-'C4-i'D»o* • a> mudt as the idatHHi is invariable, I coiu 
dude the folks to be equal to a rttiooal fiadioo^ which I thus foid out. 

Suppofc , 
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Suppofe y equal to a given {eries, and by fnmnuog the indices of tfaie relati* 
on ^, Sy t, Vy in imnede atder, I draw y tad itt fihie iiiooeffiieljr into 
tx,.sx\ rx\ and dme will come oot 

tAx-\-tBx'-\-tCx'-\-tDx*+tEx'-\'&cc. 
sxy=z sAx'+sBx'-^-sCx^+sVx'-l- &c. 

r:v»y=s rA*»+rBi^+rC*" &c. 

But fromthe fuppofition rA + jB+'C-f-'uD=o J rB+jC + zD-}- 
^;E=o, ajid fo in infinitum ; whence all the terms vanifh wherein x is of 
more tliou two dimeniions, and confequently there will remain 

vy'^txy'\;-sx'y'^rx^y=!vA. T^a >x*, 

which is an equation for determining the value of the feries. For inflance, 
fuppofe A=2, B= — 3, Ca=7, r=s3, 7, /=s6y vs4s andthe equa^ 
tion will then become 



E X A M P L E n. 

To find an equation which may have this feries i— t^^+t'tx-*— 4tx' 
+T^T**-~wT.sf"'+ &c. for the root, wherein the relations of the coclfi- 
dents are 2A-j-3B = o, 484-50=^0, 6C+7D=o, 8D+9E=o, &c. 

Here the equation fought will involve hrll fluxions, becaufe the num« 
bers in the relations have equal differences. AllUme therefore 

;'=A+Ba:*+Cv*+D:c*+Ex''+ &c 
jcy will be =2Bx'-^^Qx'-\-bDx'+ZEx''+ &c. 

>'+;9'= A+3B;c-+ sQx'-{-yT>x"-\-<)Ex'+ ficc 
2Ar7+;c'7=2AAr^+4Bx''+6Cv'4-8Djc^+ &c. 

Now add the laft equation to the laft butone, and there will oome out 

But, from the hypothefis, the relations of the coefficients are 2A+3B=o 
4^4-50=0; 6C+7D=o, &:c.and Uierefbre all the terms' aner A the* 
.£rft vaniihy W there remai ns tfais fi nite cqtiatm y-\-xy-\-2x*y'\'X*^i^K 
■ m^ Qx yxi-\'%xx'\-xjf%i'\-xxmki^ namely uni^ being fidiftimted* 
. or the firft tenn of die imi^ 6r die GQcffidm^ 
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EXAMPLE IIL 

. To find an cquatioii vtbo/k root is iJie fcrks i— t**— A**—- jt» Jf*— 
VirrrX* — &c/ where die relations of die coefficients are 

— i.iA— 2.2B=o, 1.38—440=0, 3. 5C— 6. 6D=o, 5.7D— 8.8E=o,&c, 
or — A— 46=0, 3B— i6C=o, 150—360=0, 35D— 64E=o, &c. 

Here, in this cafe, the defired equation will neceilarily involve fccond 
fluxions, becaufe the numbers which fliew the relation of the coefficients 
are of two dimenHons, or produ^ under, e^difoent numbers taken 
two by two. Therefore let • 

y=zA+Bx*+Cx'+Dx'+Ex*+ &c. 
y= 2Bx-|-4Cx'-j-6D;c'-f 8Ex7+ &c. 

xy=: 2Bx-f l2CAr'-|-30Dx'-(-56Ex^+ 
y+xy=: ^Bx+i6Cx'+2^Dx'+6^Ex''-{- &CC, 

x^y'\'X*jf—xy=: — A>f-|-3Bx'4-i5C>f'+35^'^'+ 

Laflly, by deducing this laft equatioa fixun the laft botjooej there 
will remain 

&C. diatis, xy^xy-{-y—x*y-{-xy—o, ot y-\-xy-\- ^ ^i^^ saso 5 for by 

reafbn of the relatioii cxf the royifir«mt«> all the terms on one iide. of the 
equation vaniih. 

EXAMPLE IV. 

Let an equation be fought, whofe root is j-^i Ax^-\--%Bx^^tICx^ 
-^^Dx^-^ 6cc. where the relations of the coeiiicients are A— 48=0^ 
9B — i6C=o, 25C— 36D=o, &c. Suppofe 

^=A+Bx*+Cjc*+Dx*+Ex»+Fx'°+ &c. then will 
>= 2Bx-f 4Cx'+6D.v^+8EAr'+ 1 oFa:''+ &c. 
undj^ss 2Bx-l-i2Cx^+3oD**+56E*^+9oF*'+ &c 

^hen by compmatioQ you will find 

*^^3^^y+>^!y»A^f+9Baf '+25Cx»+49D*'+8iEae»+ aoc* ' 
>+^»4By+i6Ce+36Dx'+64£x'+iooF«*+ te-* 
Snbdud the kttcr equation from the former, and you will have 

p^->x r=pi-'^xi::s^=^ l^^x tilcl''' i^i^D^' ^64?^' 



4- 
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6cc. and tlicn, by rcafoii of the relation of the coetiicients, the equati» 
on will be jf^rssy X i— 3x*+A:j^ x i — * 

EXAMPLE V. 

Required that equation, whofe root is at^- 1^'+t'-4**+ &c. 
where the denominators are fquares of the natural numbers i , 2, 3, &c, 

AiTume ^=*+i:**+ 9^'+ &c then wiil 

whole fliuricm is 

thit is, ify+y=— — . 

Likewife if the imbeji-f ix*4-VrJit*+7v^+ where the de- 
nominafiors are the cubes of the iMloial oumbers, jour will find the equa^ 

tion to bc^-j-3x'jr-^A-y ==y~4c * ^ tiic fcrics be 

TTv«?*» tbe denominators being biquadrates , tfaeequatioQ w9I come cof 

SCHOLIUM.. ' 

Feom a given relation therefine of the coefficients, feries are reduced 
cither to fradlions or to fluxions, and with as much eafe in all caies, whe- 
ther the ferics be determined by the relation of more or fen-er terms. For 
h\' tukmg the fluxion of the feries, terms are drawn into the indices of the 
powers, wliich arc always cquidift-rrcnt, and again into other quantities 
cquiditTerent, by taking the fccond fiuxions j and fo on, one niiiy in this 
manner form the relations of the terms, whatfbtver they are, by purfuing 
tiie methods now laid down. 

But to a compkat fummation, flindons nmft be lednoedfeo fluents ; and 
when it cannot be done, wenmftoMichide, that the ioies which we ba've 
been confidermg is not of their number which can be ibnuned. But it 
conduces much to the eziendmg this dodrine, that fmmnations be redu- 
ced to flnxioiis, becavfe the method for finding fluents, tho' impeded, yet 
is better known^ and more eukiMtted, than tbs method made ufe of for 
finding the fums from the diflferences. But however they mutoa^c hdp 
each other ; for if fTucnrs can be found, they will exhihtt thefums> awC- 
vice i)€rfc7^ fums found will i^ivc the fluents. 

From the propoiitians akeixly dciivoed,. and others eaiily to be dedueed 

from 
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§nm tbofe principles^ we may find the itx)t of any equation whatibe?er 
ftryoCcvfrtely ftl numbers, if It can be reduced tntoafimpfe jferies, tho' 
converging very flow. But if the feries neither apjM-oxiniates quickly, nor 
Ibe rektion of the terms be fimple and proper, which i$ defined by a di£> 
ferential equation, t'lere will be found fome difficulty. For if in the equa- 
tion to be refolvcd there be found its root, or the fluxions thereof, of more 
than of one dimci.fion ; or if tliefe be multiplied into one another, aiid 
fuch terms cannot be exterminated ; 1 lay, in tliofe cafes, the root is not: 
reducible to a fnnple feries corapofed of the powers or the abicifia, at Icifl 
by any method hitherto known to mc. But the powers of tlic abi>.iiia, 
howfoevcr high they are in the equation to be rcfolved, by no means hin- 
der the fimpUcity of the Mm^ . 

But, upon tlus occafion^ I Will endeav<xir to itmave diat difficulty hi- 
tberto unattempted^ which yet is the greateft in the ledudion of fluxional 
equations. Therefore we muil know th^ (hole fluxional equations which 
involve all the conditions of the problem, and eonfequendy determine all 
the coefHclents in their roots, may be refolved in the C.mc manner as ad- 
ir(f!ed literal equations by Newton'^ liile?. Nevcrthclels it often happens, 
tliat the equation^ Ho. not determine all the coefficients of the terms in tlieir 
roots ; becaufe the conllaat quantitie-^ vanilh, and are quite loft out of the 
equation, in proceeding from the tiucnts to the fluxions; but they vanilh 
federal ways, according a» ^ fluxion is taken, which vw wiii here Ihow 
by an exaiBpie. 

Let there be propofed thit equation /sJ^-f'^^+'Ti ^ £owin^ uni-- 

Ibfmly, and wfithig unity for its fkixion, wefliallhave, by the dke^ me- 

thod of fluxions, ^^j^-^^^y whofeioot, esctradied according to Sir 

1/aac Newtim'i meiAdd, wifl be ^ £une as the root of die fluent y's:&tf-f* 

becaufe the quantity aa is ioil, andin this caie the fltik term of the 

icries 19 not determinfid, which depends on the vanifhed quantity aa. 
-Likewiie if th^ propofed ei^Mtion be firft divided 1^ », there wffl oomt 

©ut'^=~-i-^-^ij,. whofe flujtion is ^-t-^,or by draw- 

ii^ it into x*y '» zxyy-^fat'-aa^—. And its root taltcn purely M 

cc 



the fume as that of the fluent^ y==a*+-" } in which cafe tlie lecond 

^ cc 

ttrm of dia£rifl8 iractt diftentamed, wlddi depends on tb^ coefScient ^, 
now loft.. Laftly, 
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1* 

Laftly, if the equation be divided by a:*, we lliaii Imve ij-=p-|- ---^ 

-i J and from thence the fluxion will be ^=:Zll££— 2l or 2xyy 

— 4V*=s— 4tftf--3^x, which refolved by the common rules, will give 
the fame root as the fluent /=j*+^x; confequently the fifth term of 
the feries, which depends on the coefficient is not determined. Hence 
it appears that the fluxional equations 

proceed &oai one fluent only, ysiaa+^X'\ — , By the flril equatioa 



the fiift terni of t]ie loies is not determined ; by dieleoond eqintkm the 
firft, but not the iecond tenn is detmnincd, the thkd tlie §am &ft 
terms oftheieries are determined, but file fi^ bft nlidetennmed; Aere- 

fore diverfe fluxiona! equations may be produced 6om die fame flnent; 
But the method of refolution will not be perfed, till we are abk to eadiifait 

all the roots of the different fluents from which any propofed fluxion can 

any way be produced ; for it is neceffary to have the ratio of the quanti* 
ties, which either liave adVually vanifhed, or may vanifli. 

For we cannot extra€t the root from a fluxional equation, as if no 
quantity had vaniflK-d, and then add a given quantity to the fluent found, 
as in the quadrature of curvco j therefore the indeterminate terms arc very 
often invariable quandties, and the addition of a given quantity to the root 
found 19 not equivalent to the addition of a quantity to the equation to be 

refolded. Thus the iame fluxion 2,yy^b -|-> ^ — may come £:om either of 

the fluents jr/s^tf^'^^ wherefore the roots ob- 
tain quite difierent fimns, namely the fiift A+Bx-f Cx M- Sec. die ktter 

Moreover a flnzioiial equatioa may be made to involve all dte coeffici- 
ents which the fluent involves, and yet for all that, all the terms cannot 
fliU be determined} as wiU appear by the fiiUowingeJaniiple. Theeqoa^ 

tionjr*==if4»+^x+~ exliibitsdiredly thefluxiuu 2j>^s=^4'— > which if 



drawn 
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drawn Into jr will become 2y'jf=:l>y+^--^ and then fubftitutlng for 



Its value 41^+ — > ^ 2/7^7j;-f 2^xy-f5^=/5^ i - 

; and this is the fluxional equation involving all the coefficients ivhich 

cc 

its Huent involves, wl^crein neverthelefs the firil term of t-^^ ferie? is hot- 
determined ; and this will always happen, iinlefs there be a term iji tlac 
equation, which neither ijivolvts the root, nor any iiuxion there. 

1 litre uic many more dirheultics not of lefs moment, which any one 
will ealily perpeive to be increafed in the flmdons of inferior orders for 
In iecond fluxions, two terms no where depending on one another may 
be indetijominate^ and three in third fluxions, and £o on. But it oflen 
happens that all the terms may be determined even fi-om an equation in- 
volving fluxions of inferior orders $ and al! that has heen isud 6f a fluxion 
whofe fluent is known, is equally true of fluxions whofe fluents are known. 

The root of any equation whatfoever is a quantity, which being wrote 
for the letter denoting that root, will make £l11 the terms of the rcfultlng 
equation vaniHi. But terms can only vanifli two ways, either by the con- 
trariety of the figns in homologous terms, or when a conftant quantity is 
ibund in the fluent, for there is left no lign or remains of it in the Huxiou. 
As if^=Ax" J then v=»Ajf^*, y^nn—n\x"-^ j if«=o, the value of 
the firft fluxion v. ill \ aniflii \inn—n=o, that is, «=o, or // = i, the 
value of the iccuiid iiuxion will vanilh, and that without any homologous 
terms which may deilroy them. And theie are the princijdes whereby 
all difliculties moft be refolved which occur in the re(olutton of fluxkmal 
equations. 

Let this equadoo ry**sr*i*— x*^* be propofcd ; or, putting unity for 
9Ct r*;^'=r'— -jr*. By ASmfofi's parallelogram, or his other methods^ you 
will And the root 

For the fquare thereof wrote fi>r jr*, and the iquare of the fluxion for ^% 
will make all the terms of the refulting equation deflroy themfdves, by 
a contrariety of figns $ but let us fee whether there may not be another 
root which cannot be found by this way. For that end, fuppofc A a" to 

be the firf^ term of a ferics ; or y—hx" nearly ; then will y=n kx"—\ 
and therefore j' — 72 A"- .v-—^ and vy=A'A:*'' J which being wrote, there 
relults «*r*A'*^"-*=r*— A'x^", or, by drawing die whole into x^, • 

«V*A'**'=r'x*— A i 

U wlierc 
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where k appears that the tenn iiVA*x<** vaiuflies when »sO i tboefbre 
fiitifttee ofosn^ aad the iqaotion will become 

o X A'^f" =r A ' A." -. 

Therefore In tiiis cafe, r^A'x* vaniHics wherein x is of the leaft dl- 
menlions J and tor this rcafon it will be A a", or the couftant qaantity A, 
the firft term of the ferics converging the fwifter by how mnch x i? Icls; 
and by purlukig this computation you will hiid, by the coaimwi metliods. 

But the quanti^ A is not determined from a iuxioiial equatm. But' 
we take the nitxkm of the cqaatiott r^'aesr*— 'jr*, we Oufl have 
ar^fmt^ ^yjf and by dividing and tranfpofi p.?, r'y J^^o. Now let us 
paty^Asi^ then will/=^ A vsAyssnn^nKsf^t which being 
iub^itated tiiece oonaes oolnn — » xr*Aje**^-f'^^~^ * where it appears 
that the index ir— 2 cannot be compared with t] c index n -, and cooie- 
quently no root can be found by that method. Nevectbelefi, by putting 
tJie coefficient «»— «=o, we fliall have »=o, and «= i ; coniequcntly 
A, or A a:, may be the firft term of a fene<^, as we hare found above. 

The firfl ferics gives the inu , and the latter the cofine from a givea 
arc A* ; and the coefficient A in the latter is equal to the radius r. For if 
you put y t^j!" the line, or cofine, you will always light upon this equati- 
on, r y' — r'^y* ; which is explicable by no root, except the two already 
mentioned. And from this example, we may obfervc the form of the 
icriet always to be determined from the equation, dio' the coe&ients 
can't be determined ; and when the-coefBdent of any term is not deter- 
mined, the index of x therein will always be found by putdng feme 
member of the refulting equation e^oal to nothing. But when the coef- 
ficient of aterm is determined, the index of x in the fame is foimd by a 
comparifbn of two indices in the ceiiilting equation, and that by Ntw~ 
ton's Rules. 

Let the equation j'+tf^y — xyz=zx*y=sO, be given to be refolvcd, where 
X liows uniformly, and unity is wrote for its fluxion. Suppofc y=AAr* 
nearly, and;/ will be :=n Ax^\ y^nn -^nA:^ ^, virhich fubllitutcd in 
the equation there rcfuks //«~«AA"-2 -|-i7^— ;7ff A A'*=o J now put tlic 
cocfncient nn—n=.o^ and there will come out «so» or ai»i j theic 
values fubilituttdfor u in the equation, exhibit 

oxAar^+^/j A v'^o, and 

and 
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and wbenin^her cafeateimYaDillieswlie^ dimenfr* 
I condiide or i» is the index of 4^ Jb the firft term of the ftrio^ 
whkhconvemibiiuiclidic&fier, by banrsnnchxisidi) coBfegjucat* 
Iv we may auume 

or ^«A^4-B«'-^Cjr*+0^ ice. 

In the rcluking ct^uation wAjif*""*-^^^?— Aa'''=o j now put 
the coefficient »»— o, andirwiO be s=±tf; therefore write -f'^'* 
and — a Ibr and there will come out 

aa-^a A a"— o x A at^ =o. 

Therefore in each cafe there tJie term vamdies whcrcin * is of the 

gruatdl dimcnfions, and for that reafon, -f-^, or — will be the indeY- 
of the hrlt term of the feries converging lb xnuch thi&i«iii«r» bj Jaownuich' 
X k greater : For wc nxay allumc 

j=A<+B;c— *+Cjc^+D;r-^+ &c. 
or^=Ajr^+B4r-^+C«---4+Djr-*-*+ &c. 

The detenninale eoeffidents of tfaefe four feries gives iSbg ftllownig: 
vakesof the root j 

'1.2 3.4 7-8 ^ 

^-3 Jul J 6.7 ^ 8.9 ' 

o.<y— I A J— 2,.<i— 3 B g— 4.tf ~ 5 C a—bM—'] D ^ 

/Ijr— — ==x— —-4=*=— X— — ^~T~ ■ / ' ^"T—wC.* 

4.<a— I 8.tf— 2 * i2.tf--3 ^ 1 6.^7— 4 ^ 



A 4>.^i ^ A ^+2.^-^-3 ^ B _^-k-4*^+S ^C it-f6...+7^D 
^ 4US+1 ** 8,<i4-fl ? 1^*^+3 i6^ui+4 

The two fiift belong to the mokiplicatioa or diviiioii of a circular aiC| 

but the laA to the area of the hyperoola. And, I hope, thcfe examploi 
are fufficient for illuflrating the rule here laid down for determining the iiv- 
dex ) it is deduced from the 6fth propoiitkiii i and bv it, and Ne%Btm\ 

nile, the extradion of roots in infinite feries is brought to pcrfe(5lIon, as 
anv on.e will eafily pcrc ive, who is moderately verled in tnofe matters, 
vvirich autliors have Jiitherto advanc'd upon tliis fubjcd:. For it will be 
ealily demonllratcd tliat an equation does not admit of a feries for the root, 
which is not found by this method ; but I don't here fj^ik of feries which 
confifls of terms wherein tlie indeterminate t^uantity x iuitu iudciti minatc 
indices. OP 
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INTERPOLATION of SERIES. 

PART II. 

LET there be any right line PQ^givcn in pofition, upon which let 
there be ereded as many ordinates A, B, C, D, &c. as you pleafe, 
parallel to one another, and equally diftant from each other ; and 
and let thefe ordinates denote the terms of a reeul.j feries, continually in- 
creaiing or dccreainig, and afft<5ledwith the fame lign ; and one and the 
iame curve will pali» Uirough the extremities of all, which wiii be deter- 
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fDiOfid firom the ^ven equation to the ieries^ thatis, fiom the given equa- 
tbn cxpcefiing generally the relation between two or any more iuccemve 

ordinates. 

If fix>m a given differential equation and algebraic e<juation of this curve 

can be invefligated, being that which defines the relation betu'een the ub- 
fciffas and correfponding ordinates ; every ordinate will be had from its 
given abfcilTa by tlie reiblution of adfc(5tcd equations j and coiUequently 
an abfolute interpolation of a feries, being; that which confifts In the alfig- 
mtioa. of any primary or iiitarmediate term tiom its given place in the fc- 

jies. 
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ries ; but vv hen tlie algebraic equation of a curve cumiot be fouiid, which 
oitca is the caie, nothing further ia to be expeded than to exhibit the 
value of any tenn fought by a cohverging feries, or perhaps by the qua^ 
dratore of carves. 

hit I here fpeak ot eqtudiftant terms, whoie idatioDS are produced by 
writing die eqnidi^erent numbers fucceffivdy Sac the abiciiTas in the dii- 
ferential equation defining the feries ; ior a oominon interval of the ordi- 
nates (landing upon the abfcii]a» is proportbnal to the invariable iocre^ 
ment of the indetenDinate qjoantity ;e* 

PROPOSITION XVI. 

IF fbc common diftance of the prhnnr\' terms and of the intermediate ov^i 
be the famCy and there be given one of fhr intermediate terms^ aU will 
given from the given equation to the prmary. 

In the above figure, let A, C» D, 5cc. denote the primary terms, 
and tf, b, f, dy &c. the intermediate ; and let the diftances of the primary 
terms AB, BC, CD, &c. be equal to the diftanccs of the intermediate 
terms, nb^ bc^ cd^ &c. each to ench ; I fay, that all the intermediate 
terms are given, jfrom any one oi diem being gi%^en, andalfothe di^mi- 
tial equation defining the relation of tlie primary terms. 

For an equation w^hich afTigns the relation of the primary terms, de- 
fines a curve pafling thro* their extremities j and the cqnation which de- 
fines tlie relation of the intermediate terms, defines liJs.cwiic a curve palling 
thfo' their extremities. Bat by the defimtion of primary and intermediate 
terms^ fktt &sx» cuite nao* the extrentides of both j where^xe an 
equatioil whidt di^ftics the will define die fdatbn of the tennt itf 
both ferkfi. dUe tiqyafion is g^fion fiom die hypothefis, confequent- 
ly she Ittw ^r continuing the s MBar Hto liate terms is giv cn, w hot^xc fdl 
the tenm be gnrefi mxa iny one being gjven. ^ 

COROLLARY. 

, Ip ui any differential equation exprefling the relation of the primary 
term 5; A, 6, C, D, &c. the fucceffive values of the abfcifTa 2; be —PA, 
PB, PC, I'D, &c. any point P being taken for the beginning of the ab- 
fcifia ; then will be had the relations of the intermediate terms by writing 
for T. focceflivcly —Va, P^, Pc, Pi/, &c. in the lame equation ; for the 
diifcrcntial equation generally exprcfles the relation between any two ordi- 
nates placed at a certain ilift.uK c from one another, whctiicr they fall ia 
the feries of prmury or of lutcrmediate ordinate^. 

X EXAMPLE 
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EXAM PL E t 

* In the geometrical progrcffion of the terms i, x*, x\ &c. if the 
terms ftanding in the middle between the priiiiary:eac be a, 
&c.then will issaxy c^bx^ dssex^ ez^dxy &c. whereof the relation is 
the ksM as of the primary terms. 

EXAMPLE n. 

If die primary terms be i, i, 2, 6, 24, 1 20, 720, &;c. whofe relations 
are B=A, C=2B, D=iQ E=4D, ficc. and the term diredly ftanding 
in the middle between the two fixift terms i and i , be the reft will be 

given by thefe equations, ^=x^, c=^h, J—'-c, t — &c. asthefe ftand 
in the midfl between any two primary terms, being hence equally di- 
ftant from them. 

But if a denote the terms between the firfl: and lecond, whofe di fiance 
from the firft is a third part of tlie common diftance, put b—*cr, c-=z^-b, 
d—'-iC, £.'=-,'• J, <SvC. and ^, dy t', 6cc. \m11 be tlic iiitcrnicaidtc t^rcii, 
whereof every one is diilant a third part of the common interval firom the 
primary one going before il^ or two third parts of the £uiifi interval fiom 
the primaiy one immediately fallowing it It appears therefore that the 
relation of the intermediate terms is p^en fiximjuteinterpolation of the 
lation of the primary terms ; and it is always Interpolable^ becauie it is ai^ 
iigned by the equation to the ieriea. 

E X A M P L E UI. 

Let this ferics i, 4, 4, tV, VA, &c, be propofed, which is produc'd by 
a continual multiplication of the numbers 4, 4, 4, 4, &c. and let a be the 

term in the middle between the firft and fecond, and put ^=4^, <^=t/5, 
dz=z'', c, f= l d, &c. then b, c, d, r, 6cc. will be the remaining intermediate 
terms which ibuid in the middle b^een any two primary terms. 

SCHOLIUM. 
If an equation to die feries involve three terms, two mufl: he given, 
and ii iour, three muft be givcii, and fo on, tliat the other intermediate 
terms may be had. And of this kind is the feventh propofition of Ntwio/i, 
in his Quadrature of curves $ whidinot onlvanfwentiacarves^ butalfqin 
any ieries. And this theorem is u&ful as otten as the iotennediale term is 
, fonght, which ilands near the beginning of the ftnes $ for in that caie its 
value will come out in a ieries converging very flow. Wherefore, firft, a 
refpe<5live intermediate term mufl be fought^ that is fuiiiciently remote 
j&om the bqginningy whofe value will, come out in a ferics convergmg 

fwiftly J 
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fwlftly ; then from this given tcriii, we mufl r;o buck to that firft pro- 
ponied, by the rdation of terms^ as in this propoiition. 



E 



PROPOSITION XVIT. 
VERTferui is irUerp&kble^ wbofe (erms conjijl of interpolabk Jailors, 



LetAxtfXtf, Bx^x^y Cxcx^, Dx^x^, &c.beaferies whofetmns 
oonM of three ftdors s liay, that it is interpolable, if the threeicriesof 
faA(»8 be interpolablej viz^ A, B, C» D, &c. h, &c. and a, 0, ^, 
&c. 

For becauie the intermediate terms in the compofcd ieries are formed 
the fame way from the correfponding intermediate terms m the fimplc Ie- 
ries, as the primary terms from the primary terms, thcr will be found by 
drawing the refpe^ve intermediate terms of the fimplc fcries into one an- 
other. As if T be a term between B and C, / the rcfpc 'ti\ c term be- 
tween b and c, and t the relpe(ftive term between £3 and j., then tiic cor- 
rdponding term in die compofcd kncs, viz. tikit between BxZ>X(^, and 
Cx^x^, will be theprodudt under theie three, namelv Tx/xr. And 
if there be more or fewer fitdcrn, die propo&toQ unU l&mnifi he 
mooftcated. ^E,D. \. 

COROLLARY. 
Hence in a feries to be interpolated, if two or more feries of fnflors 
are accurately interpolable, they may be rejcdtcd from ilie cumputation ; 
and then the reft are to be interpolated by methods afterward to be laid 
down. For interpolation is not taih^ to be undertaken ; but before the 
beginiiii% of die work, we muft enquire what ieries is the inoft £mple, 
on whote intercalation depends that of the propoied feries. And diis pre- 
paration is for the moft part intirdy neceflaiy, m order to come at neat and. 
eiegant concluiions. ' 

EXAMPLE!. 

If the ieries to be intercukted be i, I x» ■iwx\ th(X\ -rMrJirS Sec. fitft 
I reiblve it into three feries of iimple fiuftors after, die ibilawing manner. 

&c. 

1 1 V» Tj T> T> &C. 

and it is manifeft that the two firft are interpolable, not the third ; which, 
{mcc it is more limpie, will yet be more cafily interpolated, than that pro- 
pofcd. As fuppofe that be required wliich is in the middle between die 
fecond aiid third of a compounded ieries ; it appears that the correfpondent 

terms 
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terms m the fifft tod Second of die fimpie leries it irl and i refpee* 
lively $ in the third let the correfpondent term be called T, then the pro* 
dua of dide three xl» 4> ud T, ottTxi/x, will be that which isdo- 
fired. 

Confequently therefore the interpolation of a compounded ictics is ro- 
duc'd to the interpolation of a moreiimple one. . 

E X A M P L E II. 
* Ip aieriesofthisfbrm I, -A, -^ B, — P^C, — f-^D, &c.beft5vco, 

we can interpolate the ieries ot tiie numerators and denominators apart, 
tlMLt is» the fcrics 

I, r, r . r-f- 1 , r.r-|-i . r-|-2, &c. 

Then any term in the feries of die numerators, dhwled by die rcfpcc* 
tive term in that of the denominattxiy will give the correfpondent term in 
die propofcd feries. If the di£S:rence between r and /> be :\ fmall number, 
there is no need of this artifice j but when the aforefaid difference is great^ 
it is neceilaiy to interpolate the numerators and denomtnaft»s apart. 

SCHOLIUM. 

To this may likewife maiiy luch like preparations be referred ; for ex- 
ample, in this feries, 

tec. e, d, Cy b, A, B, C, D, £, &c. running on hence in infintum 
diere be defiled the term in the midifle between tfic two middle primary 
terms a and A. 0tew the primaiy terms which are emially diflant fiom 
die middle term' htto one another $ tint is, A intoir^ B intoiy &c and 
there will be compofed a new fc ri os. 

&c. V>dy Cc, B^, Atf, Aa, Bb, Cc, Dd, &c. running on both ways 
in infnitifm, whofe term? equally diftant from the middle are equal to one 
another, and whofe term in tiic iiikidlc, between An and Atf, will be tb.'^ 
fquare of tlie term fought, wiiich ilands in the middle lx;tween tt and A , in 
the feries before propofed. Therefore the term fought may be found by 
tlic uitcrpolatiun of either of the two feries. 

It is to be obferved that die delired term may ftand in divers feries, and 
from that confidctadop islbmBttoaes eafier to oe found As if any term 
looi^ihoiildliemtlKmidftbeimeadiefifft jncmofdie 
ioUawBflg 6rie% 

U 4. ■ » . - . ^ ■ . — . &c. Then 
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Then bj dran^^y ditlfdI ytfMft Mril»int» ate another^ there will he 
i|ffodiicedti)ew'&i& * 

hetween'^ore firft and fecond term, that which pofleilbe the sdddlft 
place is equal to the fquare of that firll propofcd. 

Interpolation v.*il! fometimes fncceed weft by logarithms, efpccially il" 
the differences of the terms be very great; but thefe andluch like things 

to be learned more by experience than any other way. For as in com- 
mon algebra, the whole art of the analyfl does not coniift in the rcfblrttl*- 
-on of adfedted equations, but in bringing of problems thereto ; fo like- 
wife in tliis analylis, there is lefb dexterity required for the refolution oF 
<difoentiial equations^ or interpolation of Cedes i &X in finding feries which 
<deteriiihie dirmilaiown quantitk^, and which tt» -fit Jbr an integaolatbqy 
'^there is £u- greater «diffictii|)r« 

F a O P O S I T I O N XVIll 

IF i^term ef Am fines Se .firmed by multiplying $nt§ ene amtbef- .tm^ 
iinuaUy the fraStions mekoje numerators and demmmaiers inereafe by s 
perpetual additien rfrndty, and if there be the fame numerators in each j / 
fiy, that the tetmof me^ wbofe diftance Jrom the beginning is the Sferenee 
cftbe favors in the other ^ is efUdJ to the term of this whofe dijlance Jrom 
•the hf ginning is the difference of the fa&orsin the other Jerie\^ \f foJte that 
Ube foji terms be equal to one another* 

'Suppoictwolcries whofefirftteraiB&andaareeqaal to one anothei:^ 

p /-fl p+2 /+5 

^^^a, cJ±lk, d^^c, e^J^ &c 
i 9+^ 

■mi which'tlie nutaaenlofam die-lmej 1 that tiie term of the former 
'whofe difboce-iioai the bc^nning is equal to the difference of die fadom 
'in the latter, namely ^— r, 16 equal to the term of the latter, whoie di- 
rfiance Srom the beginning is/— namely, equal to the di£%fenoeof the 

ia^ors in the firft feries ; nnd you muft note, vA\cn p — r, or q — r is a 
jiegntivc qiiantit)^ that the terms here. meant, itand at.thsiie di&ancefii)e- 

•^bre the tirft. 

Let us aiTume any teim of the firil ierie$, for infiance theievenths .put- 
:ting Ass i« viz* 
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P P+^ P+S 

And firft, if^— r=o, or /=r;^hcn will be =r+T, ^+2=r4- 
2, &c. therefore all the numerators aiid denomimtors mutually dcftroy 
one another, aiid there remains G=i. 

If/— r= I, / will be =r4-i i and from thence /+i=r-f 2, p-\-2 = 
r-f 3, &c. in which cafe all the numerators vanifh except the firil, and all 

the denominators except the lail^ G being 3:1 ^ G=i ^-pj^ 

hecaole /+ 5 is equal to r+6, 

l£p^rsG:2, or p^r-\'2i then /+irsr-f 3, /+2aar+4, &c. and 
now all the numeraton will vanifh except the two iirft, and all the deno- 

minators except the two iail; G Ijcing ssix ^-^ — x ^j , orGsix 

flf^^'^r^' becaufe/+4=5r+6, and/>-l-5=r4-7. • 

And likewife if /— r=3, or p=r-\-2, all the numerators will vanlfli 
ex€ept the three firft, and all tlw denominators except the thice laft; and 

in this cafe G will be = i x — ^x^—i x ^"j"^ . And univerfally in the 

r-j-6 r+y r+tt ' 

value of G, there will always be fo many numerators and denominators 

as therp are units in r, as in the following table. 

^-r=o, G=i, 

6 

r=i, G=ix- 



r=2, G=ix 



r 



X 



r+6 r-f-7' 



^ /" r-f I r-' 2 

^ •** rH-6 r-f7 r-f«* 

r- ^ r+3 

^' r4-6 r+7 r+8 r-f 9 

&c. 

Therefore if we put y = r + 6, or q — r rs= 6, the term of this 
feries ^A, ^^y^' ^^^^ interval ^om the be^nning is q — r» 

r r I I 

or 6> is equal to the term of this feries i, -tf, ^1— ^> ^* whofe interval 
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from the beginning is ^— r. And in the iknas way, the propolition will 
be manifeft in other cafes. ^ £. D, 

COROLLARY. 

Hence if the difference of tlie ^d.ors p and r be not very great, the 
term of the former fcrics, how far foever remote from the beginning, 
will always be determined by a term in the latter fcries, which is neui- 
die begiumng, as will appeal- froiii the following examples. 

EXAMPLE I. 

If r=3,/=5, q=io ; and thclc vaiuo arc iabflitutcd, tlic two fcrics 
will become 

. , 3 3-4 3-4-5 3'4-5»6 - 

, 3 3-4 3 ♦4>5 3'4>5»6 
10 10.11 10.11.12 10. II. 12. 13 

But q—r=y, /> — r—2 ; therefore the term in the firft feries, whofe 
interval from the beginning is 7, will be equal to that term in the latter, 
whoie diilance from the beginning is 2 or, which is all the fame, the 

dgfatfatttin ^-/- the firft fcrics is equal to the 

^* 5.6.7.8.9.10.11 ^ lO.lI 

third term of the lalt lerits. And it is to be oblerved wlien the difference 
between p and r is a whole number, tiien every term of the firft feries is 
id ways equal to fome primary one in the latter. 

EXAMPLE n. 

Let the firfl fcries be i, 4 A, 4B, tC, |D, &c. and becaufe the feci 
tors Incfeafe by 2'$, divide the numerators and denominators by two, and 

there will come out this leries i, -A, -p-r — B, tt— Q &,c. where now 

-r T-r-i T-t"2 

the increaie of the &£tors is unity; and consequently this feries noay be 
compared with that in the dieorem, r coming out bi, and /=t. Sup- 
,poie likewife m tQ be the diibmce between the firfl term of the icri^ and 
any other, and w will be r, or m=iq — i, ioid fssm-^l i which 

being iubitituted^ the latter feries will become 

^Sip? «-|-3' «i4-4' 

in which, tliat term whole diilancc firom tlie beginning is r, or — I, 

ui^i4ld by G( 
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'vUl'be equal to that tcm of the firft ibcio^ whde ialMl firum tiic W 
.|lnning is any quantity mi that is. die term of the fitft ieno^ horn 
foever placed fiom the begiimu)g» namely^ at however greata diibooe 
will always he equal to t£it term of the Utter, which ^famda before the 

fcft in the middle of the common diftanc^. 

Or if there be taken this fcries i, 1 A, iB^ tC, tD, &c. whofe tehns 
are the reciprocal of thofe of which we have now treated, r will be 
f>=i ; and if m be the interval between the firfl: term and any other, m 
will be —q^r^ or ff»=3^— aod ^=r/8-:{~^ ^ ^ ierks W^ 
become 

^ 2J»+3' 2»?+5* 2«-f-7' 

in which the term at the diibuice p—r, or 4 from the be^nnii^ that i^ 
the term in the midft between the firft and fecond, will be equal to any 

terra whatfoc^Tr of the firft feries whofe diftunce from the beginning is 
any quantity As if the one thoufandtb and jirjt term of a feries he de- 
iired, whereof tlic interval from theheg^uimiig is a tboujand^ m will be s 
1 000^ aod the term of the feries 

I. -i^. to. 

200I 2003 2005 2007 

wJiich fiaodfi in the middle between the iiril i and iecond rzrr, ^ili ^ 
equal to die me tlmfandtb TivAfirfi term of this feries r, ^ A, 7B, 
T D, &c. wbofe intermediate term? are likewifc found the £uiie wayi 
'Sxa if ^ as be wrote 999^^ the icries will come out 

' XOO6' 2002' 2004* 2006' 

ivhofe tBrm in themiddk between tlie %tSt, and Aooaiit ie equal Ifaat 
^termof this feries i, 4 A, 4B, 4C, iD, &:c. which ^ibpda in the ttaddje 
4}ecveeii the tlmfaadtb aiid tbeufmdtb vad^JL 

EXAMPiLE m 

If a term of this feries x» -rA, i3» tC, '^D, &:c. whofe iotoMl 
•from the beginning iuppofe any q n aiUi ty 6A divide the numerafeott 
.and denominators by their common incraiacBt 3* and the ierica w^ -b^ 

« 5 

come I, ?A, 3b, &c. Thcrefbrc r ^be =t, p\ ^ q — r=fl— 4ae 
and thence whence kft-iem^vill •become 
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to 

g - 2^ &r " 

S+T* i»+3' »f4' ' •. 

in which, that term whole diftancc from die beginning is /— or —4, 
will be equal to thatmm of dic firft finest whofe Jotertu fiooi tlie be- 
ginning is any quantity a»s diat k, the term of the Br& feries, how fir 
i)ew pfaKn ftMii tbe b^^imuig, namely ae hcmever great a diilance 
win jd«vi7« be eqtttl to tlutf icfm of tfie kMer, which ihmds befbc«th6 
§t& hi the middle of the common dilbnce. 

Or if there be taken this fcfie* 1, t-A, 4B, 4C, ^D, dcC. whofe terms 
arc the ItcipfX)Cal of thofe of which we have now treated, r will be = [, 
f>—i ; and if m be the interval between the hrft term and any other, m 
w ill be svf^r, or mssiq-^x, and §=B40-^i^ aad the latur &rie» will be- 

* a;(>»4.i' a«+y aw4-5' 2;;/+/ ^ 

in which the term at the diftance^r. or 4 from the beginning, that is^^ 
the term in the midft between the firft and fecond, will be equal to any 
term whatfoevcr of the firfl feries whofe diftancc from the beginning is 
any quantity As if the one thoufandih and JirJ} term of a kries be de- 
iired, whereof the interval from the beginning is a /i^w/{/<J«<4 «,will bc= 
1000, and the term of the feries 



I ^ ^ to. 

* 2001' 2003* 2005 2007^ 

which ilands in die middle between die firft i and iecond -trs^, will be 
mal 10- dK Mtf tbm^mMtxAJbfitteoi of this feries i, ^B, 
ii>» te.wUek«ermediateta^sarelikewtlei>i]A^ kit 
iflbriB be WKDte 999^9 dwiiiaritawiUcQiiiiovt 

I -i-w JL JL, Jl, ' 

• 2000' 2002* 2004* 2000* 

whofe term in the middle between die fidland tettd, is equal to ^ 
term of dOs ledes I, ^A, IB, 4C, ID, &a which flaodaindiB alddte 
between Ae tkufambb and tboufandtb mdjirfl, 

EXAMPLE III. 
If « ttrm cf diit &aa i, ^ A, 4^C, H D, &;c. whofe iottral fiwn 
tbe beginning fuppofii any qaantt^ m i fisft divide the numerators and de« 
aominatoct by their ccMnnMm increment 3^ and the Met will beoone i, 

' ^ ^ ^h 
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JA, ^B, &c. Therefore r will be = 4,^=4, ^— r=f— 4=«i and 
tiwDce f as»-|-T» whence the laftfcrks will become - 



2tf 



8r 



' 3^+5* 3'^'+i^* 3''^+" 

wbofe term at die diftance from the beginning/'— r, or — f, that is, the 
tcriii vvhieh fluads u.t a dill*!!!*^ bcfurc the hrCt, equal 10 the tiiiid part o£ 
the common interval, is equal to that term of the former feries, which is- 
diAimt from the beginning by the diibooe m, however g^t. 

Of th Differaicesrf <Xs.AVkT IT I 

Suppose tf, by c, ehcz icjries of any number of quantities ; and if 
the firft be taken fix>xn the^latter, theie wUl remain the £rft difeenccs/ 
b^a^ c—b, J-^Cf t—J i then if the firft of theie difierences be likevrife 
taken from the ktft, there will lemam the iecond difeences c—zb-^a^ 
</— 2f+3, ^— z^+rj the differences of which again make the third dif. 
fcrenccs 1/— 3f4"3^ — ^» ^~3^+3^— of the quantities tf, b, Cy </, f. 
And thus we might proceed till we come to the ultimate difiiaence, as in 
the^foUowing table. 



_F;rrt 

c—i) 



-7 'A—zc-^-b 

a—c\ 



Thiid 



^-3^+3^- 



e — 4^-|-6f— 4/'-}- 



Suppofe I — A- be a binomial, in which the uncias — i are the 

lame as the cocrhcicnts in the firfl difterences ; then the uncias of the 
fquare i — 2A--f-v\ namclv -|-t, - - % -j-i, will be the coefficients in 
the fecond diitcrenccs i liKcvviie die ujicias of the cube i, — :;, -{-^j — I, 
will be the coefficients in the tliird ditterences. And, in general, the 
co^Gtents in any order of the difoences wHI be the uncias in the cor- 
rel^nding power of the binomial. And theie facing premiied, we may 
go at once to any order of di ff ere n c es , widxnit coniidering the mtermc^ 
diate quantities. 

Two quantities have a firft difference, three have a ieCond» fijor a 
third ; neither can they Jiave any further. But it ibmetimes happens that 

a certain order of differences conflitutes a pro^rcfTion of equal differences, 
in v/hich cnfc, no turtlier differences can he h.ul, how great focver the 
number of the quantities be. Thus^ in «j-ithmetical progreliion, the tirfk 

differences 
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differences are equal, coiilcquently the fecond are not given. And in a 
ferics of iquares I, 4, 9, 16, 25, &c. whofe roots arc cquidiffercnt, the 
firft differences 3, 5, 7, 9, &c. arc in arithmetic;il progrcltion, the fecond 
arc equal, and for diat icafon the Liurd arc nouiiiig. So hkewife in a ic- 
• rks of cubes i, 8, 27, 64, 125, 216, 6cc. the firft differences are 7, 19, 
37, .61, 91, &C. die (cGond 12, 18, 24, 30, &cc the third 6, 6, 6, &c. 
thercfoie equal, coniequently the fourth nothing at aO. « 

iUid, QoivcfiaUy, fuppofe A, B, C» D» E be any given quantities what- 
ibever, but z a variable quantity' j then in the expr^on A-|-Bap-|-C;c*-J-^ 
D^'+Ear^ write any equidi6mnt nombers fucceffively for 2, and the 
kul liiffercoiccs of the quantities coming out will be determined by the 
higheft power 2% without any rcg .rd to the lower ones. So in this cafe 
the fourth diffeten^ is the kil, becaufe the fourth power si" is here the 
higheft. 

The differences very oficn conftitute a converging ferics in cnfes when 
tiiey do not terminate. As if ^, <:, f, &c. were nearly equal ainongft 
themfelvcs, and their firft diflertiiccb h— Of c — d—c, e — d, Sec. were 
likewife nearly equal to one another, and Ukewife the ieoond and the fol- 
lowing difieiences were very nearly equal to one another 1 then will 
b—a, c-^zih^-a^ ^— 3H"3^^'> &c. conftkute a converging feries. 
Likcwiie the difoenoes of the tcnns who& relation i$ defined by thia 
equation . 

taken after the foregoing manner, will niake a converging feries. But 
we muft not expect that the diffcreiicts of any quantities either, converge 
or terminate; this happens only in thole quantities which increaie or de- 
creaie accurately, or very nearly, widi that celerity as fome certain 
powers of equidiflerent numbers. 

Of the Dejcriftien of CutL^Es i^ro^gb given Points* • 

Sir IfiuK Newiw, in his kft letter to Mr Oldenburgb^ dated OMer 
24, 1 676, to be communicated to M. Leihmtz^ after he had (hewn an ex- 
|>edi^t lor avoiding feries too much complex, in the quadntture of trino* 
inial curves^ lays, " But thelc I reckon of leffer moment, that when fimpte 

icries are not fufficiently manageable, I have another method, not yet 
** communicated, whereby we approach to the tiling fought at plcafune j 
« its foundation is a commodious, cnfy, general folutt .n of this pro- 
" blem : To dejcribe a gcometrkai curvi\ 'i^ bicb Jhi;:l -p./js tbrc'tgh iujy 
** number of given points. Euclid hath taught how to defcribe a circle 
" through three points i lo iii^ewiic may a conic ledtion be dcfcribed thro* 
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^ ^^^e given points ; and a curve of three dngimfiong-tliroii^ kvem pvcu 
poiots (ib thtt I hwB ift ay jwrer the ddiac^iaoii qtf aO iflMWiei cf tMt 
onitry wkidi: >ic A'teiUMMg oaly by icvtn poiotSt) * Thittt wdtMA 
*^ geogiiatriciBy, without my ciktiktioa. Btt the above profakm is 
another kind ; and tfao' it firft look it AuDAJSM/BMe^ jtt 
iiotherwire» for kk ODe aftfaemoftelq|aM«DdiMeft6itlli^ 
•* a delirc to folve." 

N^totofty in the 6o''» propofition of hrs Umverfal Arithmetic^ teaches 
how to defcribc a conic icdtion through four points ; or ratlier llie^^^ a 
method far fiading an equation to the pnrrjhola, wlirch fliall pals through 
four gh^en points. And by tlie fame mcthixi we c;in (itirnl>€ a liiie of the 
thiixi order through nine points, and a line of the tom th order through 
iuurteca ; and ib in others. But oar deiii^n does not require a ibiution fb 
general; for it is fufficientto defcribc a parabolic figure through the ex- 
tnaMtici<if ttnny ciodi^^ wliehflte panlUlaoncao. 

odsker, and Itkewxie tt> tfac au of the carve j boenddierdoet aft organic 
dkferiptioaof acorveby tfaemotiob of an^«% or any oAcr way, coih- 
dttoeanytfaiiig to the pvefent purpofe, fhetfiing being the fame wMber 
tbe omie be afhially defcribed, or be concci%'€d to be la For ciama 
here are in no wife v/e/aSurf^ but only fo far as they are a help to the on-* 
derftanding, in conceiting the problem rightly. For -x defcription of the 
parabola through given points, is altogether the lame problem as the af- 
fignation of quantities irom their given ditterences, which is always accom- 
pliih'd by algebra only, and that by the rdbiution of linijplc equations. 

PROPOSITION XIX. 

SUPPOSE there be gi-e^-n a ft ries fsf cquidijlatit oniimites^ proceeding 
only one ivny in infinitum, and it be requimd to Juki a ^ra^^itc curvi 

which J}:all pafi through the extremities cf them all. 

Let A, Ai, A2, A3, A4, &c. denote the equidiftant ordinates (land- 
ing perpendicularly upon the abfcifla. CoUed thc'r firft difimnccs B, 
Bi, B2, B3, &:c thdr fecond C, Ci, C2, &c. their third D, Di, &c. 
and fo on; fo that A be the hrft ordinate, B rhrfirft di Terence of the 
t^vo firH ordinates, C tlie fecond difference of the three Hrli ordinates. D 
the third difference of the four hrl>, &c. Hnt the differences muft be 
colleclcd by taking tlie iuniici cvciy wiu ic t": ; in the latter j that is, by 
. putting BaeAl— A, Bis=A2— Ai, iXu C:^i]i~b, 6cc. and fo in die 
reil, by puttiiigthoieiufa«ive» wludiari&6Qm fubdudion of a greater 
qiiazitiqr nrom a leflbr. 
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"Ai At A3 T A4 A5 
B Bi Bz B3 B4 
C Ci C2 C| . 
]> Di 
B Bi 



Thefe beinz premis'd, let T be any ofdlittte in senenly primaf^oriiw 
termediatCj whaic diibnce from the nrft cniinatiB^ namenr, let AT be 
to the comnKm interval of equidiAant ocdiiiate% as the ~^ — 
qnntity « a to inuQr I and k.will be 

T=A+ 

Bxf+ 



D X <-}c — X— -+ 
I 2 3 



Ex5x 



— X— x ^ 

* 3 4 



Fx-x— *x 



4 5 ^ 



This is the value of every ordinate T lying the kme way from the firft 

ordinate A, as the reft but if it lie to the other hanrl, the fign of tlie ab- 
fcliJii z mull be chnnged. For I put the abfcifla aiHrniative which goes 
froHi the beginning towards the ordinntes ontlic i iL^ln, but negative if it 
go the contrary way. And tlie propoikion ii> i\ni>. dcmonftrated. 

Conceive the ordinate T to be carried by a paraiiei motion along the , Google 
t ... _ ' A a alifiifla. 
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ftbfdfla, fo tJiat k nuy come fiicceflively to the places of the reft. And 
becauie its difbuice from the fiiil ordinate is fuppofed to be to the com^ 
mon interval of the ordinates as .2 to unity, z w Wl fucceilively be equal to 

o, I, 2, 3, 4, &c. and in the meantime T will be rcfpedively equal to 
the ordinates A, Ai, A2, A3, &c. in their proper place. Therefore to 
find the coefficients A, B, C, D, 6cc. which caufe the parabola to pais 
through the extremities of the ordinates, in the cquatioD to the %ure T:^ 

A4-B-4-C-x^Ili+D-x5^x^l^+aee. write the ordinates A, 

' 1 ' I 2 I 2 3 * ' 

A I, A2, A3, &c. fucceilively for T ; and for z the lengths of the al>- 
icii^ following in order, that is, i, 2, 3, 6cc. and there come out 
thefe equations. 

A =sA, whence A^A, 

Ai=:A+B, B=bAi-A, 

A2=:A+2B+C, CsA2->2Ai+A, 

A3=A+3B+3C+D, D=A3-3A2+3Ai^A, 

A4«.A+4B+4C4hI>-HB> £«:A4-.4A3«KA2w4Ai4.A 
Bk» Jog» 

For from the values of the ordinates A, Ar, A2, 6cc. aie the vahies 
of tiic coefficients A, B, C, &c. agtiin found ; from which it appears 
that the firft ordinate A is the firll ccxifficient ^ alfo the dilierence of tlie 
two firrt ordinates is the fecond coctticient, and the lecond difference of 
the diree hi ll ordinates is tlic third coefficient, and fo in iiifinittm. Tiierc- 
fijce die values of the coefficients laid down in the folution, caufe the para- 
bola to pais dirough theeztremtties of die ordiiuttes. % £. D, 

Odierwiie thus : 

Suppofe in general T=A-J-Bj4<^jX^^-li4"I^^^""^^~~+^ 

where A, ^ C» D, &c. are the coe^cient» to be determined $ write tbe 
codeqiient values of the vttiaUe qnuidtfea T', a^-i for tbe antrocdcnt 

T, ;s i and there will come out T^—A-t-H^"^^ I C ^"^^ x~-i-D ^"^ ■ x 

a> I 

■ 1 Sec irooi whicii li the vaiuc ux i' be iulxiuacd, wc inAl 

23 

hmc T* — TasB-f-C^+Dx -x5-^+ ficc. wacic, by fuUiiUitnig i 

1X2 

•P, z+i, fbf T', T, aj. there will co«ic out T^^-.T'=ii4-C.^ii-fD 
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Silx -4- &:c fiom which the vabe of T^-^T fubtradcd lea 

T"-2T'4-T*C+d24. He 

And Ukewife you wiii iind T"'— 3T"+3T'— T=D+ 6cc. Now 
let T denote the firll ordinate, and the corre Tponding value of the ab- 
ki£ik will be iK^thlng, which haiag lubilimi^d, you will find 

A=T, 

B=T'-T, 
C=T"-2T^+T, 

&c. 

That is, the firfl coefficient A is equal to the firfl: ordinate T, the fe- 
cond coefficient B is equal to the difference hrtwccn die two firlt ordi- 
rates T and T', the tliird C is equal to the leeond difference of the three 
firft ordinates T, T', T" the fourth D is equal to the third difference of » 
the four firft ordinates ^ and fo in the others, as has been already de- . 
muiiiliat.cd. 

EXAMPLE I. 

Let there be given five ordinates i, 4, i 4 2 3 9 
2, 3, 9, through wltofc extremities die pa- 3 -^a I 6j 
rabola muft pafs. Collc<ft their firft dife- —5 3 5 ' 
rcnccs 3, —2, i, 6j their Ijbcond — 5,3, 8 • 2 

5, their third 8, 2 ^ amd the laft -^6* Then —6 
accocding to what 11 bud down^ in die ib- . 
UMioD oTthe propofitloo, put the firft acduwie, aad eveiy firil difi^reaoe 
ie4)eaively, tor A, B, C, acc.'thatis^ A=i, 6=3, 0=— 5, D=8, Esp 
_6 } botF^Q, Acp. wiUbenoifaiiig. And theie values bdi^ fuhftitut- 
edl» die equation to die parabda comev out 

Ts»i+l — S"^ X — . — o^x -X X *, 

2*1 2 3 1 2 3 4 \ 

which cediic'd iota order, becoiaes 

rj._ 1 2+1 i6z— 1 1 ig*+34g*^3g* 

12 

AndtODfOvediework, write o, i, 2, ;j, 4, fucceffivcly for the abfci^ 
:s, and infiead of T there' will come oat die five propoied ordinates. 
Bit the oFdinates may be taken in an uiYede oracr^ fo that the fi^ns of^ ^ 
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die difeenoes be changed m llie alternate ofdeis $ tfaea fve muft put 

Ar=9, B = — 6, C=5, Das— 2» 6; which being wrote, and 

the Equation reduc'd into order, we Oiali obtain at ku Ts 

ioi-^2z+2^--\-iA»'~3^ in which if fcr 2 be fubfthuted o. i. 

12 * 

2, 3, 4, there will come out tlic propoled ordinntes in an inverfe order. 
And here are obtained two rc|uations for the iame parabola, becaufc the 
abfciiTa takes its beginning iometimes &oni the Brit, and fometimes koox 
the hii ordinate. 

EXAMPLE II. 

Required now to find an enuati- 5 3 7 23 ^7 
on to the parabola, which ilia:! pals — 2 4 16 34 58 
through the cxtremicics oi Ik equidi- . 6 12 18 24 
itant ordiiiates, 5, 3, 7, 23, 57, 115; 6 6 6 

coUeft their firft difeences, and fo 

the others, till you come to the laA; as In the margin 1 and yoa will &id 
A»5, Bss— 2» Cs6» D^6, which fohftitiited, liwteariles 

I ' I 2 ' I 2 3 

which reduc'd becomes T = 5 — 32;-f- -' ; and if for you write fuccct* 
fivcly o, I, 2, 3, 4, 5, there will come out the ILx propoled i rdiuates. 

A right hne palTes thro' two points, a conic parabola thro three, a cu- 
bic one thro* four, a biquadratic thro' five ; and fo in ijijimtum. But it 
foinctiiiics happens that a curve of an inferior order paiTcs tJiro* more 

Soiiit5, as In me laft example ; and the ocder of the parabola is alwavs 
enotedbytbe kft order of the difiefenoes. That if the number of me 
ordinates be Infinite, and a progreffion of equal di fa e n cc s do not come 
out $ I %, in that cafe, me curve will be of infinile dimcnfion^ the 
value of T nuuiing out into an infinite feiiea. 

SCHOLIUM. 

In this folution, we have put uni^ finr the common diilance of the or- 
dmates ; but if wc had uied any quantity « fi)r the fiune, it would have 
come out 

T=A+Bx^Cx-x2ZlfDx-x— x5r2Jf4. 

Suppofe 

uigflcca by 
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BapfKj&maw llie 2d onlinatie Ai xBA-|i-Aff» 

^tliud ^. A2=A-|-2A«4-^% 

the fourth A3=A-f-3A^+3A«*+A»', 

the fifth A4=A-f4A«+6A»*+4A/i'+Ji;;*, 

6cc. 

and again you wiU find BsAff, Cssjbi*, D^Ai»*» E«bAxi»^|s«. wbidk 
\nahie8 bdng fttbfticntod for G» D<» £, te. ditte will arile 

T^A+A-4-A-x-— -r4-A-X X — : — |- &c. 

Now let the common interval be nothing, and A, A, A, 6cc. will 
heconie Fluxions of the firll ordinate A, whilft the Fluxion of the ab- 
fc'iffdz is unity i and then there will come uui. 

T«A-f'A»+^A2f*+*A«'+^9iLB*+ &c. 

• 

Thcrcfeie tike equidiflBnt ordinates coincidii^ we happen on A ieries 
wbete t&e coefficients of the tends are PlmdoDs of *tfae nrH ordinftle 
ipediyely divided by i, 2, 6, 24) ko. nHiich aro genenifed hy a continu* 

al multiplication of thefc numbers, i, 2, 3, 4, 6dc. "And this the learned 
Dr Taylor firfl: difcover'd in his Metbodm JH^rMhtrntt/t^ and a^ bifii^ 
Hermanus in his appendix to his Pl^roncmta. 

Hence if the ordinate of any curve whatfocverbc refolvcd into a ferics 
of this form A-(-B2;-j-C:s'-|-D-^'-f- 6cc. wlierc the exponents of the ab- 
fciflii z are affirmative whole numbers, the firll: term A is the firft ordi- 
nate, beings that which pafTes thro' the beginning of the abfcilTa ; the two 
firft denote a right line which palfes thro' tv/o coinciding points of 

the curve j which tlierefore touches the curve ; tlic thiee lirii termb h'^ 
Bg4>Cg* define % conic parabola which pafib thro* three coinciding points 
c£ toe curve, andfitrtfactrettfim it touraiss the cumv and has the iame 
cu r v rt iw e in tfaatjpoint thro* which the firft cfdinate pailesi the fixir firft 
terms k-\9atAf^s^'\^%* define a conic parabola which pafica thro' Sax 

■coinciding points of the cum, tfaatis^ which touches the curve, and has 
the fame curvature and variation of curvature in the point of contadl. 
Lafily^ the whole ferics A-f-Bz-f-C2r*-[^D2:'-(" ordinate of the 

parabola of infinite dimenlions, which touches the curve, and in the point 
of contact has the fame curvature, variation of curvature, variation of va- 

■ riation, and fo in mjimtum^ as Newion cxprclfcs it in the lo^'' propoiidon 
of the fccond book oi his Principia^ or, which is all the fame, the whole 

B b feries 
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ferics is an ordinate of a parabola palling thro' equidiftant ordinates of a 
curve, infinite in number, and coinciding with the fkfl ordinate. 

Hence \vc have an idea of the analogy which is between the differentid 
method and tfac common ipc<fac4 of iiSes I .theooepraceedabjFlaxion^ 
ortheiiltimaleratxwoftisedifibrencet} and tlie other generally by the dif* 
fefcnces of any magnitude whatever. 

Let D E F denote any curve, whoie 
dhtcilia AC cuts the equidiflant ordi- 
nates AD, BE, CF, at right angles. 
AndletAB=2;, AD=A, and from 

the foregoing BE will be » A-f>Az+ 
■tAz*4^A,z'+r^Az*+ &c. namdy 

this vahie of BE i« the ordinate of a parabolic curve whidi coocides wi^ 
the other curve in the point D : Therefore for the area of the curv e, we 
may uCc the area of the fame parabola, which, by the hiverfg JMabod ^ 
FluximSj comes oat ABED s 

A2: + tA2*+iA2»+^A2;*+T4^A2;^-{- 6cc. 
and by the fame way, if BE be called jr, A B being sBC=2;, the area 

will TO 

in which, if the fign of tlie abfcifla z be changed, there will be obtained 
the area B E D A exprefled negatively, viz. by changing the fign of the 
abrciiia liicrc ubuiined the area lying on the other fide of the ordinates. 
But the area exprefled affirmatively becomes 

B E D A ==¥2;~1> ^ T^v 3^+ y^'^ z*— 6cc. 

And this is Mr "John Bernoulli's fcries exhibiting the area expreilcd bv 
the laft ordinate and its Fluxions, ^^ hich we have now given by Fluxions 
of tile firft ordinate. And it is to be obfcrvcd, that the hrit feries is not 
extended to thoic cafes in which the firil ordinate touches the curve, nor 
does BemmiUtt ieries, extend to thofe cafes wheidn the laft ordinate 
touches the curve. For a parabola, whole aita is ded Ibr the area of a 
' curve to be fquared, can touch none of the ordinates $ ib neidier can it 
coincide with the other curve touching its ordinate. For fuch like ex< 
pfcffions, for areas and ordinates of curves, pte-iiippofe this form of the 
feries K-yBz-^-Cz'-^- &c. in which the exponents of the abftafla k m 
afBnnative whole numbers. 

P R O P O- 
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LET there be given a feries of equidifiant ordinate^ rtmning m both 
way! aci infinitum, required to Jmd a ^OToMc Une ytbicb JhaU pafs 
thro* the (xtremties oj aii of them, 

CASE I. 

Let a denote the ordinate in the midfl of all> and let <Z2, ^74, at, ^8, 
&c. be thole on one lidc, and 2 a, 4^, 6^7, 8 &c. be thofe on the other 
fide, the progreffion going on each way in mjmitum. Collect their firft 
difionences 7B, 5B, 3B, iB, B3, B5, B7; their fecond 6^, 4^, 2^, 
^2, 34,^6 ;tfadr third 5C, 3C, iC, Ci, C3, C5; their ^Ntrtfa diflS^ 
'reDoe8 4r, 2r, cz^ c^., ficc. by taking always ^ antepcdcat fiom the 
coo&queot^ flsintfaeehovepropofitbn. 




is 6a 40 tg a ai T04 «6 #8 

7B . 5B iB Bi B3 B5 B7 

ik ^ tJ^ b hi h\ h6 
5C 3C iC Ci C3 C5 
4r 2r f r2 ^4 
3D iD Di D3 
9d d dz 
i£ £1 
# 

Nowkttf, ^, J'y f, Ax.beAemiddleGfdiiisleanddifimioetiiialtcr'- 
nate orders refpe<ftively ; and let iB and Bi, iC and Ci» iD andDi, l£ 

and Ei, &c. be the two middle differences in the other orders j and put 
B=iB+Bi, C«iC+Ci, D = iD+Di,E=iE-fEi, &c. andJettbe 
diilanoe between any osdiniue and middle ordinate tf^ be to the com> 
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moa dliVance of the ^uidiflant ordiaatcs as 2 to iinitjf } aad the 

1.2 • ..... 



1.2 



1.2 



34 



3-4 



5.6 



1.2 3.4 5.6 7-5 ^ 

1.2 3^, 5^ 7.8. 9wio ^ 



WliareittttoBeob&niedthaltlieabi^^ whenTthe or- 

dinate ibught Ues on the cootniy fide of the nud&ofdiiiate; 

C A 8 E IL 
Let I a, and Af, be two middk ocdniateS} 'A3, A5, A7, Ag^ &c. 
be thofe on one part $ and 3 A, 5^ 7A» pA, te. thole on the other part. 

Colled their firft differences 9a, 6a, 4^, 2tf, tf, ^2, ^4, /76, <;8 ; thefccond 
7B, jB, 3B, iB, Bi, B3, B5, B7 ; their third 6^ 4^, 2^, ^, ^a, ^4, 
&c. oy fubtnAing; e?erj where the ^xiner fioni' the latter 




9A 7A 5A 3A rAQAiA3TA5 A; A9 
is 6d 4M »2S a az 44 a6 «8 

7B 5B sB iB Bi B3 B5 B7 
6* 4^ 2^* h H 16 
5C 3C iC Ci C3 C5 
4^ * «. <4 

3P- ilD Dr X>3' 
9^ d it 

# 



Now 
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Now take the middle diiFerences ^, d, e, &c, and the twomiddl^ 
differences in the other orders, viz. lA and Ai, iBaiid Bi, iCand Ci, 
iDandDi, lE and Er, &c. and put A=i A+Ai, B-iB+Br, C= 
iC+Ci, D=iD+Di, E=iE+Ei, 6cc. aiid Lt liic point O be in the 
middle between the two middle ordinittes I A and Ai, and let the di- 
fiance of every ocdtnate T from the middle pomi^ namely OT^ be to the 
commim intmal of the eijDudiAaoc ordi^^ amitwiUbe 

-,_A-j-^ , 

[;C4-CZ ZZ—l ZZ—Q , 

. ' ■ X ■z-^H -"T 

2 4.6 tt.IO ' 

'y'DA-t^Z ZZ--I ZZ — Q ZZ—2Z , 

i ■ X r— x— — ix i+ 

2 4.6 8.10 I2«t4 * 

q'EA-cz 2: 2: — T z — 0 Z z —2^ - ^- — 10 I 
A i X ^X ^X z— + 

^ z 4.6 6,10 12*14 i6«i8 

tec* 

And in tliis cafe alfo z is affirmative, when T lies on that fide of tlie 
middle point O, as in the fclieme above, and negative when the contrary 
.way. And each cafe is eafily demonibated, like the foregoing propoiitioiu 

E X A M P L E I. 

Let there be given five ordinatcs —3, —8, I, 12, 37* thro' whoik 
extremities the parabola is to be drawn. 

Seek their firft differences — 5, 9, n, —3 —8 i 12 37 
25}tl^irfecond 14, 2, 14J thcirthird ^ — 5 9 II ^ 
— 12, 12, and the iafl 24. . Then be- * .14 2 I4 
caufe the number of tlie ordinates is «— 12 12 

odd, proceeding to QUe L and by be* 24 
ginniDg from the iniddje ocdkate, pro- 
ceed to the middle difieteooes in the tlteniate otden, by putting #at*f » 
^aea, ^24 i then BS94-1 1 sb20, Csb^ i 2+I2so, and tfaefe being 

iubftitutcd, there comes out T==i-f — ^.LJillu-lzl^xl-l — , or Tat 

' 1.2 * 1.2 3,4 * 

i'^ioz'\-z*. Thii is the ordinate of a parabola of fr>ur dimcniiotia, 
paffing thro' the extremities of fire propoied ordinates, as will appear b^ 
wciciog tbemunbers ^2, 0,1, 2, focceffively lor Here in this 

» C c cafe 
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cafe the curve cuts the btic^ becaoie the ocdinatet m par( Jii^gttho aad^ 
part affirmative. 

£ X A M P L £ II. 

SvpposB there be given fix ordinates» l» 5> 10, lo, 5, I ihto* wiiofe 

extremities it is required to dtaw the pa- 

tslbdsu Seek their differences as in the i . 5 10 10 5 j 

margin; andbecaufe the number of or- 4 5 0—5—4. 
dinates is even, let the fecond cafe be ap- i — 5 — 5 i 

p'.y'd ; then, by beginning from the two -—6 o 6 

n">iddle ordinates, and proceeding to tlie , 6 6 

two middle ditfcrences, A will be =10 o 
-^-10=20, B= — ^— 10, C=6 

-j-6=i2i dicii ii=o, 6z=o, c=0', which values being fubftituteJ, T 
ifrmbc=^-^x^^^i-|^^"X^=:2, which equation reduced 

write —5, —3, — r, i, 3, 5, fucceffivdy for «, and there will come out 
the propoied ofdinatea. For in the fecond cafe of the Fropofitkm, the 
common interval of die ordinalQS^ or, ^^riiichistfaeiame. the increment 
of the abiciffii js equal to two. 

In diis cxunpie the powers of the odd dimenfions of the abfciila are 
wanting) becanle the ordinates fi-om the b^;mning of the abicifia being 
from thence equally diiiant; are of theiame fign, andequal amongft them* 
felves. For, here, the equation to the parabola remains the iame, tho* 
the £gn of the. abfciOa be changed. As if the propofed ordinatea wiere 
4-1, —5, -f 10, —10, +5, -1, or 4-1, +5. +10, — TO, — 5, — T, 
where the ordinates equally diftant from the middle arc equal, but aiieilkd 
with different figns ; in thiscale, liky, the pgwers ofthe ahlciilaof even 
<iimeniigns were wanting, , 

SCHOLIUM. 

Concerning the defcription of a cur\T of a parabolic kind, thro' any 
number of given points, feveral acute geometers fnice N'en'tcn have treated; 
but all tlitii' folutions are the fame with thefe exhibited, which differ very 
litde from Ncwtotis,, as will be manifeft from the fifth lemma of the 
third Book of his Principia, and his Dsfirential Method publKhed bf 
the muverMy learned yones, £fq; Niwton indeed de&ribes a parabofit 
through dven points, others have confidered the aiSgnation of terms horn 
given di&renoes; butjiow it may be conceived, or under what.lban it 



may 

Digiiized by GoogI< 



of S E R I E S 99 

may be exhibited, the problem is tlic iame. And indeed the invention of 
the terms, which the values of the ordinate T have, is extremely ingeni- 
ous, and worthy the exceUent author $ and after the forms are had, the m- 
vefUgation of tne probkm is cafy, in which nocfaiiig die is required but 
the reiblution of fimpk equations. 

But it is to be obKrved, tbat the fim of the ordinate compoled of the 
powers A+Bz+Cz'-j-D^c ' 4" &c. which Newton aflumcs in demon* 
^rating the foundation of his method» is badly defign'd for this purpofe | 
for the value of every coefficient comes out into an infinite feries : but if 
any one will afTume the terms here uied, he will with very little trouble 
get the above conciufioo. 



G 



PROPOSITION XXI. 

■ 

IFE N n fcr'.c-^ cf pn'rfiarv fernnf^ to find the intermeHatt 
vbich are mtjar dijiantjrm the degiwujsig, 

. Upon a right line given in poiition, at rkht angles, and at equal diilances 
fiom one another, let there be icredied onunates refpedhrcly equal to the 
primary terms; ti^, by the two foregoing Propofitions, let'theic be 
Sought a parabolic line which pailes thro' the extremities them aU, and 
it will alio pafs thro* the extremities of the intennedine tarms; which 
therefore wiU be gh«nfiw& the givdicqiDatioa to the pusbol^ 

* ■ * % 

• > ■ k • I 

E X A M P L E I. 

SoppoSB this feries i, t, i, -rr, -rrr, -rhy &c. to be interpohied, wholq 
terms are produced by the contimml multiphcation of the numbers t» 
7, V, 6cc Seek the di&reoces of the terms, and the difierencesof the 
liifoeaces^ asfoUowi^ 



» 1 t 



>» -- 1 



<5 1 



» 3 « 



For becauie this feries towards one part only runs out in infinitum, in- 
terpolation muftbe performed by the Propofition j and if i the fi|-ft 
term be put for the firft ordinate, A will be = i, B— — f, C:^-^, Da 
— A* E==-HVi> ^ which being fubitituted, there comes out 
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' « 3 4 

where A, B, C, D, 6cc. now denote the tern-s of this fcries, p.ccording to 
Newton s method ; but every pnimry term may be taken ior the or- 
4m», fuppofe ^or inihuice the iecqnd be uksa, k will be 

I * 12 

12 3 4 

But we muft know that z is the diilance between the term fought, and 
that which is ufed for the firft ordinate. As if T the doircd term ftand 
in the middle between the firfl: and fecond, put -j-f for z in the firft value 
of T, and — i for 55 in the laA vahie, and for that tcriu you will iiavc the 
two £)llowiD^ feries. 

And becaolb thefe feries converge very flowly, they maft be fommed 

the 'Tberrevt in Scholium of the eleventh Propofition j where we mufl 
know the values of the terms come out the moft fimple, when the tcria 
which flands next to t!ic intermediate one Ibught, is put for the firll ordi- 
nate. But wlien the term louglit is very iai diftont from the beginning, 
tlie 18'^ Proportion mui^ be uled^ asiball be Hiowa ia the Jawing 
amples. 

E X A M P L E II. 

Let this feries i, i, 2, 6, 24^ 120, 7^0, 5cc. be interpolated, wlioic 
terms arc generated by the continual multiplication of the numbers i, 2, 3, 
4» 5> 6, &c. Forafmuch as thefe terms increafe very faft, their differences 
will make a diverging pro^eiiion, wiiich hinders the ordinate of the 

farabola from approaching to the truth j therefore in this and the like cafcs> 
interpolate the log.a khirii ui ilic terms, whofe differences conflitute a 
leries mfiiy oonverging^ though the tenns iaaeaie very fa(l^ as in the 
prcfent example, 

I now propoi^ the finding of & term which iSanda m liie oudft tawm • 
tfaetwofii^ land 1 1 fudbeooie the kgpritfaim of the initial 

differences „ 
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differences fiowly converging, I Mt Ml &e term Aa&dmg in the mid- 
d]e» between two fuffidently remoter fiom the beginning, lor infbnce^ be- 
tween tbe ekveiith .3628800 and the twellth 39916800 ^ and from tEnt 
being given, I can go back to the term fought^ by the 1 6 Propofiti- 
bn. And wbch any terms can be had, ftanding on each fide of the inter- 
mediate one, which mufl firil be found, I purfue the operation by tbe 
fecond cafe of the twentieth Propofition. For when die CDmpntation is 
not in fpecies, but in numbers, 1 can proceed by this method, as often 
as the numbers of terms ftanding on each fide of the term fought is given 
fufficlently great, though the feries to be interpolated may not indeed run 
out on each iide in infimtum. 

I now take out fruin a tabic the logarithms of twelve terms, whofe firft 
is that of the fixthterm 120 fo tliat tlic fix before, and as many after 
that which k leqoioed, mavbehad} duui becanie the deficed term fiandt 
dire^ly in d)e mi441e of al^ the abfcifla z will be =0, tnr the iecondxalb 
of the twenty fisSi Fropoiition$ and therefefc the. firft, iatond; third, &c; 
difierenoesofthe odd orders which are multiplied into will not enter 
iiifo the computation ; therefore I gather omy the iecond, feurth, JkuL 
difoooces In jNr^kordera^ as yba iee. 

• • * * * 

Logarithms " " . ' ' • 

2.07Qi8i24.6o| 2^ Differen. 
2 .8 (^77 7 24.0646694.67896 14'^ Diff er. 



3.7024305364J579919470 
4.605520523451 1525224 

5- 5597630329457574906 

6- 5597630.^29413926352 

7.601 i557i'^Oi^77''^^56oH 



8.-680336964 
9.7942803 164 
10.9404083521 
12.11649961 II 
]i3. 320619593^ 



4762106 
321846834 

299632234 
2802872-' 



211541806^' DJff- 
1444392^ 
10302264 
7606810 
5776699 
4490316 

3559629 
2 S 6960 2 



DifF. 



io^''DirT. 




Now I take out the two middle logaritliniF;, and the two middle di& 
Frances and their fums I put equal to A, B, C, D, &c. refpediively, as 
yooiee 

6.5597630329 413916852 7606810 

7.6011557180 3778S560S 577669Q 

A = 14716097^7509 ; 6=791812460, C»i33b3509 

D d 8653+3 
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•65343 «59«5« i5<>5^ ' 

543728 1-3 -'^J ^>^.0'^2 

08=1409071, £839ab35« Fssmiu^z^ 

Then in the fecond cafe of tlic twenty hiil rrupuiition, I fubflkutc o 
foT z, and I have ' ■ • . • 

Write now the values of A, B» C, D, ^ F jull HOW f QUAd, wdthCGOIIH 
putatioQ will be as follows, . , 

■ ;^.o8o45937545 494882787.^ 
1568380 34401 
2098 266 

4.7.08047508023 —494917454 

And by fubdu6:ing tlie I'um of the negative terms trom that of tlie affir- 
jnative, there will remajn i =7.07552590569 ; and this is the Logaritiim 
of the number n 89942 3.08, being that wlxich ibnds la the midcile be-r 
tween the terms 3628800 and 39916800. ' ' ' 

Now as tlie primary terms are formed by clrawiug tl:ie fnii coiitiniiaHy 
into the numbers J, 2, 3, 4, 6cc. fo, by the iixteenm Propofition, thein- 
tcniMdttte tenm are gmraled die intoraedlaie term betvecii 

the fifft and ieoond into the namben li, at, 3!-, 4t, to;. c o nlin o aB y, 
For inibmce, the prodnd under die ten fiam ii» 2f, 3^, 4i, 5i, 
7^1 8i, 9i, loi^ and the term which flanda in the middle between the 
£rft and iecond, is equal to the intermediale term 1 1899423.08 juft now 
ibund, whofe place is in the middle between the eleventh and twelfth. 
Therefore if the intermediate term be divided by lof, and that quotient 
by 9f , and the bft quotient by 84, and fo on to the divlfor i ' , the lafl of 
the quotiaits \vill be equal to-a term in the midll between 1 and l« But 
the intermediate terms coming out by that diTiiion are 
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Prindms jjjtcrmcdiatcs 

4.0'}20 

7*^-287.8852777 

120 . 

—52.34277777 

^^—11.63172839 

^— 3-323350969 - 
*— 1.329340388 

'—,8862269251 

1.7724538502 

Whence It appears that the term between i and i is .8862269251, whole 
i^nare is .7853 . . . &c. namely the area of a dfde whofe dianieter is u- 
nity ; and the double of it is 1.77245^8502^ wai. that ftandii^ before 
the firft primary at half the common cinlanoe, is equal Co die fquare root 
of 3. 141 5926 . . . &c. which denotes the circumference of adroe, whole 
diameter is unity. For if the Iqoares of the primary numbers conllitute 
a new feries i, i, 4, 36, 576, 14400, &c. the term in the middle be* 
tween the iirlt and lecond will be to unity, as the area of a circle to its 
circumfcrib'd fqu:n-c : And the term which ftands before the hvil at half 
of the common dillance will be to unity as the circumference of a circle 
to the diiuneter. But in tlie following pages we vviil ibow that fuch like 
feries may be interpolated without iQ^ithms. 

EXAMPLE III. 
Let a curve be fquared w Jioic ordinate is a.^-^ Ae-\-Jx\\ Write o, 
2, 3,4, &c. ftcceffively for the index >, and t heir will come ou ta fcri et 
Si£ equidiftant ordinate j^e-i xf±jx'\\ x>£+Jx'\\ jc^-'x^r^^?]** 
i€c. among which, the propofed ordinate obtains a place diftant man the 
beginning by the diibnce A.. Therefore the area fought will likewifo 
orain thetoe place between thearcas of thofo ordinaies which conili- 
tiile the following progreflkm of equidiftant terms, 

VP 
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Now if thefe areas be interpolated by the nineteenth propofition, there 
would come out for the area lotight, the fame feries as by the common 
method for reducing an ordinate into a cuiivciging fcrics, that thci iuent 
fi oai tiiencc may be found. Nevertheleis if the terms in the ieries of 
areas be firft dh4ded by the terms of this geometrical progreffion tefpec- 

lively, namely Hh7^% /47^*> H^'. &c, that is, if 

ihsrt be put 



A a;c*x* 



&c. 

and ii^a co mpu tation be piirfii'd according to the iuiietaenl2i PtopofitioDy 
.tihe difeenoes will be feond • 

&c, which being fubftituted for A, B, C, D, 5.c. and \ for 2r, yott will 
1^ the tenn remote firom the bq^ing by the diftance A, to be 

8cc. But becaufe the terms to be interpolated were divided by the pow- 
€vs of e-^-Jx^^ every one, to wit, by tiiat power, whok index was the 
diftaHce of that term from the beginning ; on the conrrarv draw the term 
now iuond into die power of the aforeiiud binomial, whole index is A, as 



btiij^ 
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leikg ks 4liAliifie fiom & beginning, and ^ ihall hnt ibr liM^ma it'^ 
tecum 




/jc" 8-4-11 

or by putting -J--;, rs=— and by wiiting tlieicriBS icxocdtDgto 

Newton's way, there wiU come out 



.5 



the area of a curve whofe ordinate in general is x^~^xe-\-Jx''f'. And 
this leries, traiistormed by the feventh propohtiuii, will become that of 
Newton's for the quadratoie of a binooiifll.canre. The feries terminates 
when the index 7k is an affinnative whole number ; and, after z <bie pre* 
paxatioQ of liie Ofdiaate it will always terminate wbca the curve is qua^ 
diaUe} but it« duef dk tbat it may eathibit the anas in a ieries very 
fimple. If' xhc coeffidenta ^»/be tSoQed with contxaiy £^gq^ Newtmt'i 
IbriBS is pra|ferable» but ours when dir^ 

E X A M P L E IV. = 

REQinRED to affign the uncias of a binuiiiial from a given medial un- 
cia in that power whofe index is an even number. 

If n denote the index of the power, and the medial uncia be drawn 

continnaily into the fc i ft i ons. ^ , ^^^tti te*^tbe produdis.wiU 

' ^"T".2 f^-j"^ n-\-o ■ 

be the remaining uncias fbmding on each fide of th^ ihednl one. 

^+4 

n ' «»-a • ' > 
It 

0 ar— 3 

44=4IX— I— X— , 



, H «— 2 «— 4 

fi-\-2 ii-|-4 
Be 
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And i( a denote the inedkl uncia, then rfi, ^4, <^6, 6cc. on one fide ;■ 
and 2tf, 4^, 6<?, 6cc. on the other, will denote tiie otiier uncias. Then 
by making a computation by tlie iiril caie of the twentieth propoiition» 
you will Bnd 



rr 



. 4.194-4 6.«+6 8,ii4-8- 

i$ the term of the feries to be iBterpokted^ whofediiUnoe from die mkU. 
die term is to the common difbuice of the primary ones as r to 2. 
Suppole, &re3EBtnpie» ia the twelfth power, the uncias aie 12, 66, 
220, 495, 79^, 924, 792, &c the middle unda a bdiig =924. And 

if that be required which is 3 diftant from the medial unda, riqnllbe » 
6 % which being fubitituted, and 12 for ir» there oomes out 

36 . 32 r> 20 ^ 

^ ^ 2.14 4.16 6.18 

ibr the uncia required, the feries termiiiatifig ; and die(e temu^ fieed 
fiom fiadions are 924— 11884-594— no, whofe ibm under their' pro- 
per figns 18-220, which is the i^ue of the unda ionght. . 

Ai^ after the &me manner if the index « be an odd number, and A- 
anotfaer of the medial uncias ; then wiU 



A-f^A-^Jr:£B-j:^C_2:=i2D- ice. 

2.«+3 4-''+5 6.»-)-7 8.«4'9 

I c tlie uncia whofe diftance from the intermediate poiut between the two 
middie uncias, is to the comrnon diftimcc, as r to 2. 

And thefe feries, in a very great power, will converge when the di- 
ilancc between the middle uncia and tliat fought is but fmuli ni rdpcd of 
the index of tlic power, 

SCHOLIUM. 

After a ieries to be interpolated js duly prepared by the feveatocnth 
F^opofitioD, thou^ it may on each fide run out /a i^mium^ we may 
proceed by the nineteenth Pkopofition, except when the terms eqnidiftant 
from the middle one, are equal among themlelves : When this ballpens, 
we muft apphr the firft OUe of the twentieth Propofition, if any pmnary 
term by any kw claim a place in the middle of all j or if two terms by 
the fame law cliiim the middle place, the fecond Cife of the fame Pro- 
pofition muA be ufcd. And in other cafes yr^ may almofl proceed at 
pleafurc 

\t • * PRO- 
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PROPOSITION 3tXn. 

GIVEN a f erics of equidiflant terms, to Jmd anj frtnuny or interme* 
Matt firm bow far foever dijlant frm the heginmng of fbe feries. 

If the term fought be far difL iiit from the beginning, then by tlie cigh-- 
teenth Propofition feck anotlicr feries, wlierein the delired term lhall 
make a term near the.begmiung ^ then proceed as in the above iPropoiiCion, 

E X A M P L K 1. . ' • 

Let it be propofed to hnd any term of this fcrics i, 4- A, 4B, 4^^, 'I^. 
&c. diftant from the beginning bv any fpacc ///, however great. By tlie 
eightecntli rropoficion, tiic tcnri ui lIic ki ies 

a '2b 3<: 4^ &c • ' 
m+i* 5+5' ■ 

which Ibinds before the fiift, by half of &e common diftance, wOi be 
equal to that term of tlie firfl ferieis,' whofc diflanCe from the b^inning 
is m, * But !( appears by the fecond example of the twenty firft Propofiti- 
on, that the term diihuit by half of the common difiance before the firft 
in the feries of the numerators i, 1,1, 1.1.2, 1. 1.2.3, 
this feries i, i, 2, 6, 24, i 20, &c. is the fquare root of tlie number 
3.1415926 . ...dec whereibre I only interpolate the denominators^ 
namefy 

And bccaufe this feries may be continued on both ways in infimtum^ let 
it aftually be continued; aikl it will be 



I I 



6cc. 2 . «— I . w, m— i.m, m, 1, — 7 — , =-r=e=t, 6cc. 

where the term required fiandb in Llie middle between the two midlc ones 
m and j, but becaufc the differences, of thcfe terms are very great, let 
dioie lhat are equidifiant fi-om the middle be dcawa into one anodien 

diai is, m Into 1 1 »— i,m into — r-> ^ ib on ; tuid there will come 

out a new feries " . ^ 

4 m — I m — I m — i - m~i vi—i m — 2 „ 

&c. — — - . — r— v:, — m^m^m^m — , m -—- . — -— , &c. 
m-\-2 w-j-i //;-f-i zw+i m-^-i m-\-2 

fumm^ out on each Mqi'm infimtum, and having thofe terms equal which 

are 
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arc equally dtftant from the middle. But tbc term ui the middle, ftand- 

iDg between the two middle primary ones v? nrd w, is the fquarc of that 
in the middle between and i in the fonncr feries. In the liift feriei 
therefore feck tiie term between w and m by the iecond calc of the tWetiti* 
€th Fiopoiitioo, ftndyuu will £iid it to be ' 

■ ^JL 2 I 25L- — I 22 L &c 

which draw nsto the circumfsrenoc of a cirde, namely into the re^edxve 
term in the feries of numerators^ and yon will hiave tx the fquare of the 
termJlboght 3.14159 • . . • &c. into 

4.w-j-i 8./vi-i-2 i2.;/i+3 16.^/^+4 

Therefore the term of the pcof«o&d ieiies t A, 4fi, tC, &c. diibnt 
by the interval m from the beginning, is equal to a mean proportional be- 
tween the circumference of a circle, and that feries j which converges by 
fo much the fwifter, as m is greater, that is, by ^how much the term 
^ught is further diftant from the beginning. 

Excunplc, Suppofe 100, and tlic firft term of the fcries will be the 
circumference of a circle drawn into 100, or A=3i4. i ^q^j, 

4.101 8.102 ^ 77702 

"cC - ' 8c8 

— as.ooor7, and the vom of theie ftjur teons is . 

12.103 ' ' * • tL 

314.94564, whole Iquare root ij,y^(jyQ'j() is die hundred 314.94564 
and firft term of the fcries to be interpolated j or the 1^x0- 
Aid under die fib&irB 4x4x4x T> &c*whofe imiiiber is ahoiidE^ And 
in tbe &me manner we may find any intermediate tenn ; ftr if 90^ be 
wrote£)rai» wc ihall have the term in the middk between the hunmedth 
and huttdiedth and'firft ; or if 90^ be fubftituted Ibr «r, we fliatl have the 
term franding after the hundredth by a third part of the common diilanoe. 

Whence it is to be noted, that the reciprocals of the terms of any feries 
may be interpolated : Thus the reciprocals of the terms In the lafl fcries 
conf^itute the feries i, 4 A, -l-B, f, C, tD, &c. wherein the term remote 
from the begiiming by any equal dlAance ^m^ will be equal to the term of 
the lerics 

- ^ JL _ifL 7^ &c 

m-\'\ w+5 m-{-y 

frfuditeids in the middle between thefirftand iocondtcnnj and which 

will 
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^ thodbfC be « 3Ue;ui propordoDal -between tbe fcXMnng ieries 



end the immbcr%63l66 197723676, which is equal to unity divided by die 
femicircumference cf a ciii;:ie : This witt 'vadni&ft pnr&mg die 
ibp8 of the firft put of this eKomple, 

EXAMPLE II. 

Re<^ikbd die term of this fcrieai, 4 A, 4B, 4C, 4tD, &c, how 
far foever remote from the beginning, namely by the diftance m j by the 
c^/ bt cc u th Fropofitioa that term will be equal .to the term nf this feriefl^ 

3^*^ 3^' 3^' 31W+II' ^ : 

which ftands before the firft by a third part of the common diftance ; 
iherefeie die nameratori and denominators maybe intercalated (eparatdyy 
as in the fecond examjple of the .^enty firft Propofitioo, namely by 
^undim^ and we itoU have the term ibttghti 

S C H O X. I . U M« 

Hbncb k appears that the tenna of iefks> dio' never ib &s diibn^ 

snay be £aonii as aceuiately as the inteimediatt terms near the beginnii^i 

f I • 
but in the feries i, -A, ^—-jB, &c. to be interpoUted, if the difference 

between / and r be aeal; it will: be troublefome to find any teem ). but 
the cafe is very ea^ when r is = i t, as in the firft example, 
except when that diiterence is a whole number^ in which ca& the iieriea 
will be accurately interpolabie. ' 

' PR OPOSITION XXIII. 

TO find the ratio -cchich the middle uncia beorsUtbe fum d(ltbm»' 
cias itt any porwer oj the binomial, 

I-IRST SOLUTION. 

If the index of the power be an even number, call it « j if it be odd, 
call it I ; and it will be as the middle Lincia to the fum of them all 
of the fame power, fo is unity to a mean proportional between the iemi- 
circumference ul a circle^ iuid cither ut tiic iuiluwiiig feries^ 

• Ff IH- 
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For inftance, fuppofe the ratio of the middle uncia to the lain of all- 
in the hundredth or in the ninety ninth power, be re- 
quired, ;/ will be — looj which multiplied into tlie 157.079632679 
femipcriphery of a circle produces the firft term iA= 769998199' 

and liy 'cbmpiaiting lhe computati^ ^ ^2734 

tlie imrgin, you will find the fum of the terms to be - ■ ^4^ 

1 57.866984459, whofe Iqnare root 12.564029018 . • . 

is to unity as the fura of ali tii^ uiicias to the naadlc one * 3 

m the hundredth or ninety ninth power. And this is 157.866984459 

the comtmfadon'i^ theifirft ferics : fer dioiigjh there 

be little dliibicace, I prefer diatwhereiii the tenn? are all of the£unefigiu 

f latter S O L t> T 'l O N. 

• Let n refuaifi as before y then the fum df all the uncias '-wifl be to die 
middle uncia in the fbbdiiplicate ratio of ihe iemiperiphery of k circle to 
dthcr of the following foiei^,' . ... -L\ 

' ' [ ^ I I 1 I + &c. 

a.w-J'i 4.^H"S 6.W+7- 8.??+9 io.«+h . 
- - ' A 25C . 49l> ] 81E ' , f,, ^ 

« 2 4-»'-4 6^—6 » io,«— 10 

or, which comes to thetiai^e, put |?s8^.'6366i 97723676, namely the 
quotient which is made by dividing unity by the femicjrcumfcrcnce of a 
circle % and & mean proportional between a and either of the above feries 
will be to unity, as the middle uncia to the fum of them all. 

Suppofe thoihdex f 9K)0, as is the above computation ''^^^jr;^^^!*? 

k will be, by the firft feries, A=*-^L, h^ J^, C«i?^, 

101' ' 206' 420 'JJJJJ , 

D=^i^, &c. and from the annex*d calculation it ap- 

that the fum of the terms is .00633 444670787, •Jaohim'^^i' 

whole 
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^Adfe {axon tooit .0795892373872 is to nnity as the middle uncktoihe 
Itoh-of ttiaiiall-intbe ninety ninth or the hundredth power. 
' And ib all the foar icries are equally fimple ibr the folution of tliis 
Bfobtem $ hat in jpnBdcc there is no need to recnr to feries $ for it tB fuf- 

ficient to take a mean pfoportional between the iemicircumference of a 
circle and j for tnis will always approximate nearer than the two 
firft terms of the feries, whofe firft alone is for the moll part fufficient ; 
^ for inftance, lunpjfe ;7=ico, then will 7;-j-l = ioot, which drawn into 
the femicircumterence of a circle produces 1 57.^65, whole iquare root is 
J 2.1^644, deficient by unity m the laft figure. 

But the fame approximation may be made otherwife, and perhaps more 
commodious for prad:ice. I'ut c\ to unity, as the fquare of tiic aiamctcr 
is to the circle j that is, let c= 1-27323954473 52, and the fum of the un- 

das to the sniddk one will be as uni^ to J ^^earlyi the er- 

vor being too mncfa by about ^^^-pY* ^ nssioo, then will 

— ^00.6334525, and its iquaie root .0795S973 is.accucate in the 

fixth decimal : but if it be divided by i6««, that is, by 160000, wiH 
give the corredtion .00000050 5 and mis fubdadled (soxxi the approxima* 
tion, leaves .07958923 the nnmbcr fotight accurate in the.laft ngure. 

. Likewile iet /«=900, then jjj^^pj .000706962545, whofe fquare 

root .026588767 is too much by 2 in the laft figure. But if a corredion 
be computed and inbtradted from the approximation, wc ihall have the 
)iuQiber fought accurate in the thirteenth decimal. 

>See here an approximation equally eafy and more aocurat;^. Let the 

difference between the logarithms of the numbers n-\''z and n — 2, be 
divided by 16, and add the quotient to half the logarithm of the index //, 
then to this fum add the conftent logarithm .0980^99385151, namely 
Jialfof the logarithm of the fcmicircumfcrencc of a circle, and the laft 
fum will be the logarithm of the number wliich h to unity as the fum of 
the unciii^ to tile middle one, hxam^k^ fuppok //=9ao, the computa- 
tion will be 

x/, 900 * 1.4771212547 
16.) diff. log. 902 and 893 ..0001206376 
Leg. conftant • .0980599385 

Sum 1.5753018308 

And this fum is too much by 2, in the M figure, and is the logaritlmi of 

the 



Digiiizea by 



iia INTERPOLATION 

the number 37.6098698, which is to anity as the (iifla<^ the uacm te^ 
the middle one in the power 900 or 899. And if you will have the lie<* 
ciprocal of the number, take the complement of the logarithm, name- 
ly — 2.4246981692, and the number correfponding to it, ^ will be 
.02658^76^2, which fhews the ratiQ of Ch^ pnifiV|lf^ pnoA to the fuQl q£ 
thfim all ia the above laid powers. 

DEMONSTRATION. 

The powers of a binomial, whofc indices are even numbers, have oner 
middle uncia ; but thoie vvhofe indices arc odd, have two middle uncias. 
And hence arife two cales of the problem : Firft, when the index is even, 
divide tlie lams of the uncias 1,4, 16, 64, 256, 1024, &c. by their mid-» 
die ujicias i, 2, 6, 20, 70, 252, &c. and the quotients i, 2, 4, 's% -Tr» 

&C. or i> tA, 4B, 4C, id, &c. will be to unity as t3ie &ni8 
the uncial to the middle unciu k tfaefe difim)t.powers. 

Likewiie if the fums of the tmcias in odd powec8» aumtStf 2» 8> 32,* 
128, 512, Ice. he divided by their middle uncias 1, 3^ 10, 35^ 126^ SECi 
the f ane quotes will be produced again, namely 2, 4, "tti Fc^ 
there is the ijunerdbtipa l?etwseii the fum of the uodas aod the middle 
iincia in any even power, as there is between the fum of the uncias, and 
the middle uncia in the odd power next below it. Confequently the in- 
terpolation of the feries i, 4A, tB, 4C, 4D, &c. as in the firft example 
of die twenty fecond Propofition, folves either cafe of the problem. But 
we will here give the inveihgation of theie ieries without the difoeotial 
method. 

ITjc jinalyfis of the Jirji Solution. 
The feries i, 4A» 4B» &c. to be interpoialed, is defined by the eqoftf 

tion T's=^i2T, where « is a variable qtiantity, and iiarfeocciEvB vahiea 

o, 2, 4, 6, 8, &c. ntiniclv, the indices of the powers when even, or the 
indices increafed by uni|:y> when odd. Square each part of the equation 

to he idblved^ and you will have T'T'==^if±i2±lTT, or, whkh id 



/ 



the knot, 2T'T'+«+2xTT— T'T'— 2^«o, Mume now 

TT=A«4—T — t— T ■ — — ; -r — — + &c. 

and after a due redudtion, according to the precepts already laid down, 
you will Bad 

TTsa 
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In which write the confequent values of the variable quantities for the an- 
tecedents, that is, T'T' lor TT, and for aiiJ dicic wiU come out 

TT^A'^2+B+-~^+ I Ice. 

Then by taking diffeceoce of thde values^ and drawing k miD m+ 'i* 
tha« will come out 

But in the vabe of TT before affumed, if be wrote £>r we fhalL 
lave 

T'T'=«T2 into A4— ?-4 ^ 1 5 x^4- toi. 

And by dividing by 

'^'^ Wi ^ I ^ r ^ r Ice 



SttbiGtute now in the equation to be idbhrcd,. thefabm cf T'T', ir-f^)c 

T T— T' T' and -^^^ reduced to tlie fame form, and there will refult 

Laftly by putting the iiuinciators equal to nodiing, you will iiave 2B» 
— A=o, 4C— 9B— o, 6D— 250=0, 8E— 49D=o, &c. And thefe 
are the celatioBS of tliB fl o cffickn i t itt tlK St^ faks ; and dtt klterierier. 
la the fi>rDier fiohitioii is fbnnd afiec the £une manner*. 

Tat latter iblntioii is performed by interpolating the feries, i» ia, 1^,. 
'ICy xd. Sec, whofe teraia arc tbe ledprocak-of tfaSle in the &ft$ and it 

i« defined by the equation T's=!!il in which the fucceffive values of 
^ me o, 2, 4t 6, 8,.£cc. aa before ; and byi^iafingit, it beoomeB TT's 
«»+i^j"'TT, tba$i8,»+l.«^ TT-TT'- 2.^TT-T'T'=o. 
^ppou now 

• ■ ■ G g TT=5. 
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A . B . C T> ^ 

And by fubftituting ^ ^ come out 
TT'-^+— 5 L C JD 

Tbere£;>re 

s:n.5q::3,TT=TT%=2A+-^+-^^^ 

&c. 

whldl reduced to a due form, becomes 

. , 4B , 6C-8B , 8D-24C , . 
2A \ \ -\ — 7——. — — i i"^^— i — h &c. 

Write now thele values in the equation to be iblv'd, and there will 

relult 

2B~A 4C-QB 6E-25C 8E-49D i -gcc.-0 

Where the numerators being put equal to nothing, will give the relation* 
to the coefiicicnts of" the former ll r u . in the latter folution. 

But that the coefficient A is in one cafe the iemi-f:ircuraference of a 
circle, and reciprocal of it in the otlicr, is demoiiltrated thus. By the 

firft ieries TTsA» into 1-4 — i==-4- &c. and the neater 0 i8» the near- 

er will the equation TT=A« appronch to the truth, becaufe the latter 
terms will ut lull be infiaitely lefs than tlic former. Thcrciore in tiic e- 

TT 

quadon XTsAji^ or A=-^ if for « fucceffirely be ivroie its ^nhm 

2, 4, 6, 8, 10, &c. and alfo for TT the fquarcs of the correfpondcnt 
tenna, there wiU'ariie equations continually approYimafing to the true ^ 
lueofAy namely,' 

Ar=:2, 

A=22x4, 
Ass2XtxI4, 

A =2 X T X TT X 

Wherefore the value of A is the produd under all thefe 2 x | x * * x * * x 
M > Sec. :n infinitum, which is equal to the circum&reoce of a circle by 
Dr iVallis'^ jirttbmtk ef Infmta^ 

PRO- 
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P R O P S I T I O N XXIV. 
"F in the w^mte a curve pf^^* x i— l^e wrote JucceJ/hefy the 
nvbok mmhers o, I^ 3> 4> ^C'for z j I fay, that there is the fame 
r^atim kiwem tbe stmt §f the 9rdmates coming out^ eu there it betweeft 

r f*"T* I f~T~2 /"^"i 
the term of the feries a, -a, —J— ri~'^> ^C, when the abfcijfa 

X it equal to unity. 
For let the areas and corre^ondent onlkiatcs be 
Areas. Or^natis. 



A 


x*"— «XI— X 




B 


K*^ X I—* 




C 




D 






E 


*'4^x I— 




hoc. 





Then, by comparing thefe areas tnr the feventh pcopofitioQ of iV^rtP- 
imr's quadrature of Curves^ you ^dll nnd 



T, rA — x''x I — a;]^' 
iJss ! — ^ 



H-i , 

&c. 

Let X Dovr be equal to unity, as it is pot in die Aeorem ; dien i— x 
^nll be ssOy in wiuchcafe the relation of tlie areis becomes Bsb^A» C= 

r+iB,D=:^C,E=^D, &c Therefore there is the iamerelar 

tion between m areas ottfaew carves and tlie terms of the propoied ie- 
ricB, when the abici&x is unity. ^B,D. 



COROLLARY. 

HsNCBindidleriesir, &c.if» denote the difiance 

H-a - . 



betweea 
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between the firft term and any otlicr primary or intemiediate termT; 
l^wtUbe, as the area of a curve whole ordinate i« jt '^~» x i — jc|^~^\ to 
the area of a curve wholb ordinate is x i — .vl^""' ; fo is ^ the 

firfl term, to any utl^ priottfy W ifltertngiiatc tera» at the liiibmce z 
fsorsL the begipnin^ 

EXAMPLE I. 

Let there be given this ferics i, la, 1/5, ^c. I d, &c. to be intercalated. 
Becaufe the common difference both of tiie numerators and denominators 
is z, divide them by 2, that the di^rence ixay be made unity^ a& in the 

tfaeotem, and the &nes will be i, ^ |cc* ^bich compared wttk 

I ^ 

that in the propofition, gives />= i, r= 1, which being fubftitutcd, it will 
be as the area belonging to the ordinate x^i x i— xp« to tbe area beiong- 

ioe to the ocdkiaie «*-4x i— arp* j 4ttt ]& as the loea of . ^ ^ 
the area oiP , " ; feistfiBftifctermoftheftik^ orpmlT^tDm 

Other primary or intermediate term at the diftance z fixun the beginning. 
As if the term required ^and in the zniddk betweea the £rlt and fccond^. 

z will be bt> iQ whidi cafe ife ktter otSmm fieeemes or 
: Therefore as the aiea ifae oiiBail»-»2=BiM to die aisft of the 

ordinate , that is, as th»eirciim6feiioe of a orde 3.1415926. ... 

&:c. is to 2, fo is unity to the temL i)^ the nuddk between the fkft and. 

fccond, which therefore is .63,6^ ^977 .... (fK, 
If the 101* term of the iame feries berequiredy z will be sioo^ there— 

fere as 3. 141 5 ....&c. to the area of the ordinate ? fokonityto- 

the propofed term. And Kkewife by putting 5r=TOO f, the term In the 
qiiddjle b^eox the, i^^flucUed.apdL Ikd a)Qfclhujy»irgdat¥iJgg<¥¥i^ be do- 

"terminedbythecircomlatnGe'Of acvdeandaffea theoidinate ^ t 

by takings every w4»erethoie- parts o£ the areas whofe abfd^ are each e- 

qual to uiiitv. 

Likewise may the reciprog^ of th^ terms be interpolated j and that 

fomc- 
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fometimes more commodioully than die terms thcmfelves. The recipro- 
cals of the terms in the laft feries are i, \ a, 4^, &c. Therefore i, 
^=1 ; whence as the area of the orHinti te x" ^ i — is to the area of tlie 
ofdiaate itf*x i— i fo is the i^H term, to the term. at the diAaoce x 

from the beginning ; that is, as 2 to tfaeareaof the ordinate 



1— Jif/i— « 
£xx the £rft curve is quadrablc. 

EXAMPLE 11. 

Suppose the feries i, ^a, *6y -r^, 'Id, &c. to be interpolated: divide 
the numerators and denominators by 3 their increment ; and you will find 
^^T, ras4j hence the former ordinate .becouaes jc-jx 1— jcj":',. or 



' and the latter — ^ — then as the area of Ae 

former ordinate is to the area ot the latter, fo is the firft term of the ieries 
to any other whole diitance hrom the beginning is z, 

PROPOSI TION XXV. 

"YF in the ordinate of a curve Ar^*x i — xj'"'^""' l^c u^rote fucccffi'vely the 
\ whole numbers o, i, 2, 3, 4, &c.forZy the relation between the areas of 
the ordinate s coming out will be the fame as between the terms of the feries a, 

Ha, ^ii^, -"^^ , a^c, v^e the mtmeratm amtinualh increafey 

but the denominators decrtufe, jLad here I alfo put the abfciffa x equal to 
unity. 

This propoktion is demonfb-atcd aiter the fame manner as the above* 

COROLLARY. 
Hencb in the feries n, - , - d, &c. as the firft term 

p p^i p^2 p-l 

is to any other diflant from the beginning by the fpace 2:, fo is the area 
of a curve whole t>rdinate is x^a i — ;cj^~"^ to the area of a curve whofe or- 
dinate isx^x i— ^1'^+^'. • - ■ 

EXAMPLE L 

Given this feries x, ^tf, -—-^j ~T^* ^ interpolated, 

whofe terms are the uncias of a binomial in the power whofe index is 

H h JBecauie 
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Bfffi»*fe tilis feries docs not ia^ dire^y under this propoiitioa, i ioterpCK 
bte the reciprocals of theleriDs i,-a, ^, -^c, &c. whidfi done, r 

* tl t) — I W— 2 ' 

will be =1, p=:f: ; tlx;rcforc as the area of the ordinate x'x i — x\' to the 



^urea of tlie ordinate at""*/ i — Aj% lb is unity to the term diftant from the 
b^guifiing by the I'pace z, in the latter ieries^ or, as the area of the ordinate 

I— Arl* to fo uuakf to ft tm in the fifft ieries. at die di- 

ilance from the I'^eginning. 

As It the uncia of die fifth term in the ninth power be defired, k will be 
r=9, 2r = 4 J which being wrote, the area ol the ordinate x*xi — x\* to 
as unity to the iincia 'L>ua;ht. But the ordinate evolved is x^^^,x^-\~6x^ 
-~4A -j--^ , and ito area 1—4+4— % + 7*., or rrrs » tl^cn as 7—5 to-rV* 
jfo is uni^ to 1 26, which is the uncia propofed. 

EXAMPX.B IL 

Ip in die fimple power of a binomial^ tbere be ibngibi the term which 
Itods in thetm^e between the two undas i and i ; the in<lex of the 
b^OQUil wiU be i and fiom thence, as the area of die oid^ 

mate xsxi— «]^isto I, that js^ as the an» of a circle is to die canciii»- 
i<^ib'di<|uat«^ ib is lu^t^ to cfa^ 

SCHOLIUM. 

:WwNdi0Carmthatarenibeiq«aMdai»QfmaDy dumctitoi^ find 
HatDt of their ordioates by a table of logarithms, from which will be fttOb 
die are ashy iVfw/tfffsparabola^iit if the relation of the terms in a ferics to 
be interpolated be among many terms, the interpolation wfll be perform'd 
by die comparifon of other cun'es. But feting andc tbii^ I ihall add Some- 
thing coDcerning other methods of interpolation. 

PROPOSITION XXVI. 
d, &c»Mdm he put s^r^p^ W 
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Bar? into A, ' ^ ' 
I a 

c«i!!iiI,5!r:?mtoB+^A, 

2 2 ^3 • 

Dsa . 2 inta C-4 — . A, 

3 * 3 3 4 

• 4 * ^ 3 r' 3 4 ^3 4 S 



« ^3 • 3 4 ^3 4 5 



5 



^3 4 5 ^ 



ate term ^ tbijeries to he inttrpolattd^ wb^ d^mut frm tbt banning 

It 18 to be noied that die ooeffident A, bjr tl&e eighttenth Propofi^n, is 
eqiial to the tenn in the ferics of the numerators i» r«, r-(-iJ, r^^.r, 
&c. diihint from the beginning by the fpaot r j and that k ia deter- 
mined hj the lecond example of thet^KnemyfitilPiropofition. 

DEMONSTHATION. 

Thcfcries propofed is defined by this differential equation T^— ^"^^ 

T, where v= r :^f? in the TheoTcm, and the fucceflivc vahiet of the 
iadeterminate qnaatity 2 arc /-{~ ' > /'-f 2> ^ ^i^poie now 

T=^intoA+|+£+£+|+£.c. 

dien ibr T and 2 write their ibcceeding valees and z^i refpedively 
anditwittbe 



T'=:a+L- into A-f-f-^- -^-7.+ . . I L &c 

By cvuiv'iic:: !' ,c powers, T'=s" into A-(- 

5 ^ 2^ » 5^1 r 

to. 



Let 
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LetdieeqiMBanT'as'^^T, to be idUved be written dais, T's--Ts 

—Tn=^o i and in the iome fubflitute the values of T and T', and there 

wilircfult ■ 

Let now die numerators be put equal to notiiing, and we £hali liave B= 
^.^^into A,Cs2^^.^ — ^ktDfi-l--A, &c And by mikii^ a 

12 22 3 ^ ^ 

computation^ we {ball get other coefficients as in the Theorem. ^£.D. 

EXAMPLE I. 

Let thisl'crics i, Ta, ^c, ^d^ 6cc. be propofed, which is defined 

by the ojuatioa T^ g ^ * T, in which the ibciacffive valnci of « aie i> 

2> 3> 4, &c. thefecompaicdwith theeqaatkmT's^^T, gpvesffss^ 

i, and from thence 

. B= i into A =Axt, 

C=44mtoB— iA =Ax^, 

D=44intoC-4B+AA «Ax^ ' 

E=4I into D-.iC+-,VB— .^tA «A < 

Therefore 

w A . , ? , 2C , IOC , r6co , 6217 , ^ 

T= — into I +77-1 m fi—A — . -^"^ :+ ^* 

' 82; ' 1282* ' 1024a* * 327682* ' 2621442* ' 

But the quantity A in fuch like examples may be determiiied thus : by the 

relation of the terms to be interptjlated, feek any primary one far enough 
diftaiit from the beginning, for inftancc, the fixteenth, which is 
.144464448 .... 6cc. Write this for T, and in the mean time ior »its 
corjreipondent value, n^unely 16, and you will have 

or, by gathering the terms into one fum, .144464448 = - into 1.02422627, 

4 

whence there comes out A=s.564i 80^83548 j which being given, T will ^ 
be given in any other cafe by a veiy few tenmof its value. 

£ X- 
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EXAMPLE II. 
Let this feries i« 4 J» iif, -rvi/, £cc. which is defined by the equati- 
on T'sa^lt^T, i, 4, ^, V> bong the' ibcce^ ab- 

z 

IcifTa z : this compared with the equation in the theorem, gives «=i> 
which being fubftituted, we lhall have 

T«AV« into * +-^+ IJ . 2Z__^ &c. 

^ 92; ' 21872' ' igbH^z* 59949^^ ' 

Now. to find the coefficient A, I feek the fourteenth term of the feries to 
be interpolated, which is 4,652 1 36 ; then I wrke this vahie for T, and 
2 its fourteenth value and I iiave 

4.6 52 1 36s=Ai/^ into i — Tiy.+ /.■♦oA + 
Or, by extradang the cube root of nr> by colleding the terms into 
one funi, I ^ 4.652 i36=Ax 2.35 ico6 ; therefore A= 1.978364. A 

being now given, any other term will be found with the greateft cafe. 
Required that which ftands a third part of the cf^mmon diftance before 
the 1 00 1* term; for z write 1000, its correfpondcnt value, and the va- 
lue of Twill be 10 A into I— tsWj o^" T— 19.78144. For when the 
deiiredterm is a long way diflant from the beginning, and the computa- 
tion is not to be produced to many ligurci>, a very few terms in tlie value 
ot T tiu abundantly fufiicc. * * ■ . 

SCHOLIUM. 
In the fime hianner as in this propofition the root is extnAed fix>m the 

equation, T'=s^-^T 1 hkewife it is extra^ed irom any other which is 

contained nndertfais ibim * • 

Tx«i+tf5^«+J3=«+ &c. — TNa?+f &c. 

For the index « is =tf— f by the fixth Propofition; and from tiience 
the iurm of the feries to be aiTumed for T will be " . 

T=A2;f-l-Bz— »+C2r— -f- &c. ' ' 

But fince in fuch like feries, which are the roots of differential equati- 
ons, the indices of ?; have unity for the decrement, except in fome very 
particular oifeSy therefore liaving the index of z in the hrli term, the form 
of the feries tb be affumed for ti^e root T is had, then by writing 
for 2, and T' for T, there will come out 

li Then 
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Then by reducing this value to the iovm of T, as was fhewn above 
aiki by dr^wijit,^ cnch value iuto tiic quantities which the ctjiigtipa t;o be 
relolv'd reuuircsi the ;iliLiined coefficients wi'A be given koii^ ^ ftompaii- 
feo of the IioiiH>logou& terms in the refultiog e^u;;(Ui9P. 

PROPOSITION JQCVII. 
Fan efmtimt9^ feria h T'=:— f^T, tbef99tmUy 

Let the ct^u^tiuii T'=-^|j— T to be reibiv'd be written thus, zzl 

wbeoce T-T'^-i—l- ^ . h . 

^ 

^nd by drawing it into zz 

ZZT^ZZI.^ =. ; 1 ; 1 

and 17 redii&a 

Wnte>iriB value Iw mT^skT^ «id 6r 1^ ila ^ aw tend. 




And by 
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4 

B, C, &c. denote the whole terms, the value oi T will dien come put as 
here ailj^n'd. % E, £f. 

E 3f A M B I. 

4tD> &c. was the area of a'arde vbofe ^iameter is unity ; >2fherQ tl^ 
deaominatecs ate ^ Iqum \i[ the cxUf niunben, ami greater dhan the 
nmnetators fay unity. Now let us fee here whi^t the term of tliis feriea 
I> 4 A, ttB» 4tC, 4tI^> &c* is, where the numeratqrs are fquarcs of the 
cveo miinboSi and greater than the denqnufuiiors l^ unity. The equ*> 

tion to this fcries will be T'^-^^ — ^T, i, 2, 3, 4, &c. beii^ the fuccef- 

■ ♦ 



five values of the abfcif?a z ; therefore comparing tlils equation with 
that in the propolitioD, it ^ill rss^^f^ yhich b^g iubltituted, there 
Gcunesout 

4» S.jB-fi 12.2+2 16.24-5 * 

4iid to d^^ipnet^ t|» cpc^icnt A9 letk ^ pamh tgrn of the ieries* 
pajnely 1.5300.172^,3^, lyhich fiib'ftJtute fej- T, and To '|br 2 its cqr- 

i.c3oo.i72f.55«sA into i 1 ^,^3 imi i *'^'}} 

/ / -» J 4^,0 4.8.10.11 4.9.12.10.11.12 

that is, by oolledling the terms into one, 1.5300.1727.35-= A into 
^740.3g*454j ^6q» ^r=^hSf<^T9(iS3> femi-cifcumfe- 

rence <tf a circle «hic]| Ibeiiig give«> any prmw P? iaterffiftdi&tg tcrpi 
cf the inteqxilated ierie$ y^'ill very ^i^ly be given bi|(t i| fppears that the 
laft term thereof, or thewedu^ under ^ i£p(t 7x44x4tXttX Wx &c. 
is^i^ual to the £rft coefficient A^ con^uenti^ to the femiperiphery of a 

P R 0 f Q S I T I p N X3CVIH. 

TO find the ftm of any nifm^ of hgaritbms, wbofs numberi^ ate in a* 
rithn^cal pr^ej^on, 

Let x-\^n, x-\'in, x+^ff, jfrfj?* , . . dWO^e 4*9 |Dfm PWnb«rs 

in arithmetical progrcfUon, whofe firfl is^'-j-//, lafl: x — -v. and common 
diiterence zn. Momtmrjf^/, 4 ^ ^^te ilie tabular iogarithmfr 

of 
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ofzantfy; andlcttf=. 43429,44^19.03252, nnmdy to the reciprocal of 
the natural logarithm of 10 ; and liic lum of the prupofcd logaritLms will 
be equal to tlic dittcrence betwe^ the two loUowmg feries : 

2n zn i2z ^3602' i2bo2,>~^ ithox' * 
xl^x ax . 'aft A 7 31^"^ . i2jan'' ^iian^ 



3-4 



7.12 

^ .=:A+36B+i26C+84J>+9E, 



11.20 

Tvl>ere the numbers which aie multiplied Into A, C, D, &c. in the 
different values, are the alternate undas in the odd powers of a binomial* 
Thcfe being premifed, the coefficient of the third term will be «— r»asA, 



DEMONSTRATION. 
Let the variable quantity z be diminiihed by its dccfemcot 29, or 
which is the fame, fubftitute z^in iot z 'm tlic feries. 

_az_jtn^t jan^ $ian^ , ^ 
zn %n 122 3602' i26o»* * 

and the iuooeffive valne of the Umt will oome out 



2/f 2« 2« 360.;^ — 1200.2— 2«[* 

-4- &C. 

Sttbcniddusfitimthe&nner value» the terms fiiit^dng reduced by d»- 
▼iiiontodiBiameibnn, anddierewiUrcmMn* 

* tbtt- 

DigiiizedDyTj 



of S £ H I £ S t^i 

tliitb, tbc Jogarithmdf«"-lr, ThutSkt, uuivcrfally, the dccieaicat of 
cwoihixcffiirftVdttesoftheMMisMtt^ logirichih cfx^Wi ^kh 
expfdies in goml ant of the Idgariuuns^liftt were to be iiimiiMdi That*- 
fore tfaeierieft will be the fum of the propoiediogarithtm, jf the other ieriee 
be taken from it. For the iiiDii^ at well n the nKsto^ niiift ibmetuaaes be 
conc^sd, that the tme ones may come out 

E X A M P L E I. 

I«ETitbeprofX)fedtofiodtbefiimoftfaeipgBtithimdfthe ten numbers, 
101, 103, 105, 107, 109, III, 113, it5, 117, 119; thcfe compared 
with x-\~fiy x-{-^S .... z—fr, give the common difTcrence 2«=2, 

and «= I ; and the firft x-\- 1 1 0 1 , the laft z— i = 119; whence a*= r oor, 
2=rT2o. And thefc bi.ing fubftituted, and .43429.44819.03252 for 
and the logaridims of 100 and 120 refpcdtively for /, x and /, z the 
values of tlic two feries will be found to be 78.28491.40012.1, and 
98.69290.42601.6, whole uiikrenccs give 20.40^9^.02^69.5 for die re- 
quired fum of the logjrrithms. 

E X A M P L E II. • . 

RsQ^iKED the fum of die kgaritfapoas of the;numbers ir, 12, 13, 
.... 1000, whofe £rft is 1 1, and laft 1000, and common difference unity. 
•Therefore n h =i, — i r, ' = 1000 j whence Jf=Y> 2=sH— i 

which being; wrote, and the Ic garitfims of ^ and * °,° ' ■ for A A ^, 

there will conie out for the valuer of the icries 2567.20555.42879, and , 
6.r6o67.30987, whofe difference leaves 256 1.0448^*1 189Z for the fum 
of the logarithrns fought. 

■ But if you will have the fum of any number of the logaridims of the 
natural numbers i, 2, 1, 4, 5, &c. put z^rz to be the kft of the num- 
bers, ^ being =:f ; and mree or mr termt of fhis (eriea zi, «-^<r«— - 

+ ^Afl 6cc. added to half the log^ithm of the circumference 

ofa circlewfiofeffadmaiS'imiQr, that is, to 0.39908.99341.79, will give 
the hm Coo^i and that wim lefi kbour the more k^ithms are to be 
fimimed. Thus tf fcM put i= 1 000, or zz=:2~-, the value of cbb 
fcries will be 2567.20555.42879, as belbre ; which added to the co!>- 
fbnt logarithm makes 2567.60464.42221 fbr die fam of the logarithms 
of a thoo&jid of the hck nomben of this feries 2, 3, 4, 5, &c. 

EXAMPLE III. 

Required to find the five hundredth unda in the thou^ndth power 
of a biauimal. ' " ' ' 
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It is manifeft, by Newm*s thflorefn '£x evolving a binomial, that the 
miGia » eqvtal to thepcodod under four Iniiidred flaad ninety nine fuQton 

... .tH. whofe fiift 18 iiii/ and laft 
both the miinerators «nd denominators being in aritboietieal progrdfioa. 
To find the fum of the IggHTtfams of the numerators looo, 1999, 998, 
997, .... 502 } pat the common difierence tss2ir> their grcatcft .1000 
s=z— f, the leaft 502=;^+!: ; and n will be =i, zssjooof, jrs=coii, 
which being fubftitutcd, there will come out 2567.20555.42879 for the 
value of the firft feries, and 1 136.38715.63268 for the value of tlie lat- 
ter; but their difference 1430.0 1 839.796 1 1 is equal to the fum of the 
logarithms of the numerators. Then to obtain the fum of the logarithms 
or the denominators i, 2, 3, 4 ... . 499 ; put z — -l =499, or 2= 

499i ; and iliclc being wrote in tlie rirft leries, dicrc wUl come out its 
value 1130.98834.85966, to which add the logarithm .39908.90342, 
accofdingto theiule hud down in the former eicample j and yoa imhave 
i^3^*3^743'^i3^^ for the iiun of the logarithms <^ the (Knominatorsj 
which lafUy taken fi^om the flim of the logarithms of die niuneraton^ 
and there will remain 299.43095.94303 the logarithm of the required 
nncta, 

SCHOLIUM. 
' A miBt of this fort, i, -A, ^C, Bee: m IntotiolaiBd by 

the twenty fixth Propoiition, when the difference between r and p is 
fmall; and gencrall)-, by this Propofitton, without any rcrrard to its dif- 
ference. And ill tlic iame manner 1 caji had the fum of the logarithms 
of numbers, which are more compounded by £xr than the e^-different 
ones ; and by that metfnft to aillgi the terms of the leries^whcxe introb^ 
tion uiea to be reckoned very difficnU., By this Pro blem are ahb £mod 
the areas of corves whole ordUnates are of this natore i where the 
index of thebmomial is very great j hot in that cafe only when the part of 
the ar<^ fought ilands upon a part of the abfcifla equal to tini^. 

And indeed almoft all problems concerning interpolations come under 
this analyfis, nay even woen three or more terms or the feries to be inter- 
calated are in the differential equation ; for the refolution of thefe I have 
in my power. And it may be proper to obferve that the fMcs which 
come out by Ncu'/on's parabola, come outiikcwiie by our method. For 
let the intercalation of this leries 

■ 

r r+i r-i-z r+3 *. 

be, 
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be propofed, which k defined by the eqmtioa T'sr— ^-j-I— T, in which 

the fucccHlve values of the abfcifla are o, 1,2, 3, &c. and let it be 
wrote after the following manner, ;54-r}cT'— T— «T=;0 and fuppofc 

T=A-f — I -f-Dz.2— 1 .2— 2 +Ea.»~ i .2 — 2.2— 3 + &c. 

And by fuM^ituting for T, and z-\'i for we fhall get 

whence T'— T=B-|-2C2:+3D2;,2; — i4'4E;?.2; — 1.2?— 24- &c. 
And thefe values beins; fubjftituted in the equation to be refolved, and the 
terms reducctl to tlic i.aiic form, there will rcfult. 

Laftiy, by patting the homok^gous t)enii6equaLii>iU)thing« weihallhave 
B=2a. C-ix^£fB, D-4x^Ci E-ix2^D, &c. 

r '^t' '^T* ^"TS ' ' 

Therefore 

asA+Ax-x-xAx-x-x— X— t — h &c, 
• r z r I r-J-i r+a ' 

Tliatis, 

T-A+«A^+?=iB2iJ.4J!r2c5i:l+^D^, &c. 

' r I ' r+i 2 ' r4-2 3 • r+3 4 ' 

where A, B, C, D, 5^:c. do not any more denote the coefficients, but the 
'whple terms. And the firfl coefficient A, which is not determined from 
the equation, is equal to the term of the feries to be interpolated, which 
paffcs through the beginning of the abiciila z. And this ib tlie very fame 
value of T which had been produced by the nineteenth propohtion. And 
liiicwiic die iei ie6 w hich the iwcntieth Proportion exhibits, will be found 
by the relolution of differential e^uations^ by aii'umiog a due jfbrm of the 
root, 

PROPOSITION 3tm. 

GIVEN a feries of ordiiiates^ at any difiances frm one aiwther, pr^ 
ceeding one ^.vay only in infinitum j required to find- a paraboUc Mw, 
that fiaU pifs ttntngb the extremities rftbem oB, 

Let A, Ai, A2, A3, A4, &c. be ordinates danding on the abfdiSi at 
right angles, and let R be any point in the abiciila; and put iZ=RA, 
^=R Ai, t — RA2, </=9R A3; essRA4, &c. namely let j, ^, r, //, e, &c. 
be the diflances between the ordinates and the point R refpe^vcly, and 
let T denote any ordinate in general whoie difiance £:om the point R is 

then put , Digmzedby 
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A Ai Aa TAj A4 



B cJ!£z5, D«Sjr^, E«5ir^flu. 



^ As— Ai ^ B2-*Bi Ca^Ci * 



&c. 

And th* ordinate will be T= A-}- 



Cx 



Exs: — ^7X2; — ^ xir. — t x:K 



• F xs!— tfxs — ^Ha?— caz— tf-J- 

It is to be oblcrved that the beginning of the ablcilHi, namely the 
point R, is taken at pleafure, either within or withoitt all the ordinate?, 
as in the khemc, having a due regard to the figns -f- and — . And the 
propofition is demonftrated by lubftitnting the ordinatcs A, Ar, A2, Sec. 
fuccclllvcly for 1 , and the lengths by t, Cvc. lucccliivcly for z. For 
by taking the differences of the eqoatioiis comine out, and (fividing them 
by tfaeintervabof tfaeordfoates, the valtiBS of « coe&iemi ^Hlf cooib 
oitt M above oiTigned. 

EXAMPLB L 

Lbt the di^ce of the ordSnaies iiom tfae be^nningof dieabiofii be 
c^t^ disttj ' and tbe onfinatesy As«i. 
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Al«3, Blasl, Cl=2, 

A3=i2, 

Wnd by making a computation according to what is laid down in lI c 
theorem, tbcre wll be fouad Bssi, C=.<vDs«i, which being fubfti- 
toted, and 2 for A» we (hall find Taa!2+»— 2+f x«— 2.^^^.s^j 



which reduc'd into order, becomes TssSl — ^^^'+33^— .^o j£ 

2 . , ' . - 
thoebe wrote 2^ 3, 5, 6 fijr^«, there will come, out 2, 3, 5, jl2, thcj 
ordinatetf propoted. 



E X A M P L. E. 11. ; wut 

REQu iRrD to determine the time of the folftioe from-a liKW gkon me- ' 
ridiaa altitudes of the fun about the fame time. <> 

Let ordinates denote the fun's altitude, and their diftanccs denote the 

times between the obfervations ; then let a parabola pafs through the ex--* 
tremitics of the ordinates, and its abfcilTi which correfponds to the leaft'" 
ordinate, whether it be one of the given ordinates, or any intermediate- 
one, will determiiic the moment of time that the fun enters the tropic.' 
For example^ B. Walter us in tiie year 1 i;oo oblcrved at N^remburg the di-' 
fiances of the fun from the zenith, ab fuiiows, : " . ' ■ " 

gth 



44975 
44934 
44883 
44990 



9 
12 

16 



of Jmu^ 



Let now the difknce obferv'd on tlie S*'' day be tiie firft* ordinate, 
therein tlie beginning of the abfcilla, and will b«f ^ssi, 
</=8, and the computation will be . * * * . 

A =44975. ^ =-41, C =+6, ' D=-h^ \'. . 
Ai=44934, Bi=-i7, Ci=4-Vi^, . 
. A2=44883, B2=+^, . . / 

A3 ==44990, 

- And by fubftituting t hefc v alues for A, B, C, D , tliere wiil be found 
T ==4497 5 -■4ii54-6;s.2;— i-f-Vf 2.^ — 1.2— 4, that is, T=s^s,()j^— 
^«-HV-2*+Tr2f'. Nowliecaofe the abfcifla fought correlponds to 
tiitf leaft oidinate, patdie FlmdonorTsso, and we Ihall have izz-^- 
3742f«i5oo, whflfe root 3.88935? exprefe the days eiapa'd between 
the oooQ of the 8*^ day of and the nvm^ 

I* 1 tbeie 
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therefore happens 2i** 20°* r nearly pafl the noon of die ii'^day, ac- 
cording to thefe obfcrvations. Likewile may the time of the folftice be 
<ictermincd by more ohlervations, and a parabola ot more dimenfions 
or by tliree pbfcrv.ilions, by ufing a conic parabola, as Dr Halley hath 
Hiewn ; but it requires the differences between tlie obferved altitudes, \o be 
ienfibly greater than liic errors which may be committed in the obfcrvati^ 
ons, othcrwilc notliing certain will be concluded, 

SCHOLIUM/ 

Sir ^aae Newim made uie of this FtooofitiootD deCermiiie the place of 
sodnitc^ whidi^UsaidoiigfomepiioesLiownbyiMrva^o^ oameff^ 
if there be obferved a$ oaany bngitudes as you plode, denoted fay lb murf 
ordinates, whofc diftances are proportional to the times between the ob» 
fcrvatioos, and a parabola be dcfcribcd through the extremities of the or- 
the intermediate ordinates of this figure will denote tbe intenne- 
diate longitudes of the comet for the times that are proportion !] to their 
abfciflas. And by the fame method will be given the latitude for 
any time from certain given latitudes ; and from the longitude and la- 
titude being given, tJiere is given the place of the comet in the heavens. 
And after this manner muuy Uiings, which are difficult to obferve at a 
cci ;.an tiox, may be detcrnuned^ accurately enoi^h, iirom certain obier* 
va^ops mken b^e and ei^tha^ tone. 

Likewiie ^problem is appUcabk to tfacTdblDlian df pan or adfrd- 
ed equations. For in an eqiudoii to beieliilved) by writiiig&r the root 
numbers not diftring much from it, there «ntt oome out meir diftanoe^ 
which being interpolated will exhibit the root •But, after Dt JBidlef%- 
method of the lefolutioci of equations, t matt oompendioas one is not 
tp be expected. 

- iln that cafe, T/hcn the diftances of the ordlnates are diminiflied in injw 
nttwm^ this Problem will give the root of a fluxional equation, tho' neither 
the root nor any other intlctcnninate quantity flow uniiormly j and this by 
a meer fubfHtiition of the t iuxions of the root for the diffecnces of the 
ordinatcs, and for their diftances rfie Fluxions of the abfciila. For as the 
caics ui the tquiuiltant urdinates anfwer to tlie Fluxions ot tiie ablcilla u- 
niformly incr^iing, lb this Propoiition anfwers to Fbsiens Tarying by 
^y bw. : Andtheteiblotiiixiof A flnieiMd cgyitiaB, wiMb oadi iiw 
dctsttninate gpanli^ iows bv any law, is aot a.CQio])aiy firm ^tm PR>* 
pQ^ioo, but 4 CiK thoreof the aoft fimple of any whklv ^ ^ 
wiiy, I thought proper here to take aotkeoij^ that it may a^^pear that tha 
4i!gerential method oomprises io^genefal the-unmftl doteoe Cl^•4BM% 
Y^i^perhfffi otbprs 4iftJMl p«rcd^ 
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PROPOSITION XXX. 

TO fnd the afymptote of an hyperbola oj the kggrUbmc kiad^frm fime 
giviu eqmdt^aat ordiaates thereof ]. 

Let tfao cqoidiibsit CKdiiufes be A, B, C> D, £, Amdiog'ufxm the 
abicifla PL at rieht angles; and kt QR, the afympCoCe to the curve, be 
pastUd to the abfciiSiy and diflanC from it by the ipaoe PQ. Let any 
abfciflk AL be called z ; and hniy the corrcfpoudent ordinate, y ; and kt 
the kgadthnuc hyperbola HnK be defined bj aneqaadon oftUs lonn» 




PA B C L D E 



whence r, r, dy e, &c. arc in variable quantities^ and the <^i^fl n<iy b&» 
tween the abfciila aod aiymptotc will be, viz. 

PQ=A+ 

A-B ^_ 



r— i.r* — I ' 



r^A ^ r + /-^ B -f r ' 4- 4- ■ r * + r ^ -f rC—r ^ ^ r -f- i D4- E 



The* ccfrfBciBBiy €f Ay B*^ &Ct fli ibe SMfercut fttifff 4U!6 lbfiOQ& 
by the contiaual F>Mlnpti^atOTn of the oimiben % . ^ 

rsf*, kdieficoadjisr*, ia^tliifdflftar*piik 



loc in diefiift 

ifae lnlrtb lisar.^ to. For £aMM^, In the ftnirtfa term die coeffitiiaalv 
taken in the inveiie oider are i, i+r+r*, f^-r^+r*, r»> neg^eding. 

the 



Digmzea by G( 



r 1 " * ' - I 

______ 

]g£i\y^ 7 -^/ x— — -=.r^ fq tlicrefore are tiie coefficients found. 

But in this PrbpoikioD I except the caie wherein r is s± i ; for then 
tlic hyperbola degenerates into a right line. 

And thus is the ferics inveftigated : In the s ffumcd equation yssa—Sr^^ 
41 f»*^ 6cci change the iign ot the abicifia iind there will come oatjrs- 

a h £ — &c. Let z now be iniinirc] v ^reat, and in the value 

of the orainate r, all the terms will vanilL, except the hril, when r is 
coricclvcd to be gicviter than unity ; and thereby y will be =a ; that is, 
the ordinate removed to an infiriite dillance, or the dillancc between the 
ablbilTa and afyniptore PQ^, equal to a tlie lirfl term j for in an jniiiiitc 
diftancc the curve coincides with its afymptote. And the (quantity a Is 
thus ijivcftigated : In the equ<Ltk>n before affiim'd j^sstf— ^r*— ^/*»— . 
-.^f-i"— &c. write the equidiibmt ordinates A, B» C, D, £, &c fuccef* 
fivdy kxyi and alio o, i, 2> 3, 4, &c. ibrthe Mdikzi and there will 
come out thde'equationsy 

h^a—b^C'—d—e^ &c. 

l^z^a-br^^Cf^'-dr^^-'tr^^'^Hc. 
&c. • 

There are tfaerefeie as many equations as there are unknown <^uantities 
r, d, Cy &CC, from which leek a by common algebra, and its vahie 
will come oat the lame as has been ahody aiSgn'd for PQ;_ ^B^D. 

COROLLARY, 

H^NCE if ibme initial terms be ^ven in an infinite {eries, whole dii^ 
ierenccs are nearly in geometrical pn^eiTion, the lafl will be given, be- 
ing that which is removed tt> an infinite diftance 'from the beginning. 
F or if A, B, C, D, 6c;c. taken in inverle order, denote the terms whole 

differences are nearly in geometrical proportion, as r", r\ r*, r', &c. the 
laft w^ill be equal to PQ^the diiianee between the ablcilTa and aiymptote, 
or, in the %le of jfames Gre^OQ, the termination of the .ferics .wiii be 
^iven. 

' - ' EX- 
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B X A M P L B. 
GiTm any xegular pol)i^ons inicribed in a cifct^ to imd the kft of tfao 
poljilgoiM^ or area of ue ctfde. Suppde thqr m 

4 a.ooooo.ooooo.oooossF 3»^4^33*i ^5^9 5475 

8 2.82842.7 1 247,46i9s=E 126.08888^294 

16 3.o6i46.^4589,2072bD 6072.745^ 

32 3.i2I44.5I522.j8o5«C . . 5^652 

. 64 3.13654.84905.4594=8 119 

128 s.i4033.ii569.5475«A 3.14159.26535.8979 

Now call the bft of the polygona A» the kft hot ooe B» the laft but 
tivo C; and ib bacfcwaidss and 1wcati& their diffisrencea A^B, B^C, 
C— fioe. are very^neaiiy as thetenas r, 4, 16, 64, 256, Sec. that 
aa the powers of foQr> r will'be sc4'; whieh hehq; ibbftitated, ihe ge** 
neial ierica beoomca 

^ A-B . jBf C 6^-^84B-t-2iC^D ^ - 

3 3-15 3-I503 

In which write for A, B, C, &c. their vahjes, and the firft five terms 
will give the area of a circle to fifteen places of figures, as is manifeft fi-om 
the annex'd computation ; aiid by a like method tlic diing is clicttai by 
circumfcrib'd polygons. 

And bf d)]8 meana any iedet may be fimmi'di fi* if die equidiftant 
ofdinalBs denote the iucasffive iunu^ the ^doe ef the.iriiole (eries ynSihc 
eqwd to the dUhmoe between the afymptole and d)iclffiL -If a imes to 

be Ibmmed be of thia natiire» #4'^^>^~^^*W*'*4*'^' ^> '^*» 

£ec» denote the parts of the terms \^ hich are ip geometrical progreffion, r 
be =x I m thenhie of PQjnU conTei^^iQ m»ch the Mer as die 
fucceffive fums are inorc diftant from the beginnine, which arc denoted 
by A» B, C, &c. But when ras^i, an hyperbola niufl be alTumed 

which is defined bym eqtiaiAoft ef ilhk mtmefab^ii^ ^+~+'~H~34* 

&c. inflead of the logarithmic hyperbola ; and the indcm wiU be deter- 
mined from die nature of the ferics to he furnmed up. 

It is to be obfcrved that infinite ferks may as ealily bt fumincd by Ntw- 
/«wi*s parabola, as by thefc hvpcrbolas. For if the nrd incites, which in 
hyperbolas arc ccjuidilUnt, be conlUtuted at ccrtaia diiianees, they will 
exhibit, by the afliibance of the parabola, the £une es^effiona m the 
values of me fefara* 

The number of figviea which am tme in a polygon A,^doiibled by 

Mm " " ' two 

Uigai^ea by VjOO<? 
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t^o terms of the ferie% tripled by tfaree^ &c. So, in die pcefiot ex- 
anople, 314 are the three true figures in the polygon A ; ;uid ^om thence 
five terms give the area of a circle to fifteen places of figures. And fuch 
approximations as thefe James Gregory and M. Huygens formerly found 
out, tlie one tripled the true figures, and tlie other quadrupled, and quint- 
tupled them, and even produced them without limits, as may be lieea ia 
the Appendix to the true ^aarature of the Circle and Hyperbola. 



T 



PROPOSITION XXXI. 

O find the area of any curve, as near as pojjible, from Jom given 
quidifiant wSm^ti thereof. 

Through the extremities; of the ordinates defcribe a parabolic figure, 
and its area, v. liich is found by the known methods^ Wili be C^ual to the 
area of the propoied curve nearly. .^E,L 

SCHOLIUM. 

For as much as it would be kboriuus always to have recourfe to the pa- 
rabola, I liive computed the following table, which exhibits the area of 
a corre diredly, firom fbme given cquidiflant ordinates thereof 



3 
5 
7 
9 



A Tablb of Ars4«> 



7A+32B+i2C^ 



90 



4 1 A-|- 2 1 6B-|-27C-4-272D j^ 



3 
5 



840 

989 A+ 5 8 8 8B— 92 8C-f 1 049 6D— 4540E ^ 

28350 

A TabLS C0EKBCTI0lli» 

P-4A+6B p 



180 

P--6A+i5B-2oC j^ 



P— 8A+28B^56C-t-7oD p^ 



930 



P~ioA-f-45B— i2cC4-2 loD— 



x6oo 
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• In thefe tables A is the fum of the firft and kft ordinate, B of the fe- 
tooA and laft but one, C of the third and laft but two, and fo on, until 

?rou come to the ordinate in the midft of all, which is reprcfented by the 
aft of the letters A, B, C, &c. R is the bafe upon which the area lies, 
or the part of tiie ablciflli intercepted between the firlt and lall ordinate. 
P is the fum of two ordinatcs, whereof one (lands before the firif, the 
other after the laft, at diftances equal to tliat of the other ordinates. And 
the nuinl)er of ordinates, which hCTC is odd, is denoted at die liJc ot the 
tables. The expreffions in the tables of tttfls are the mas contained be- 
tween the Infe, cun^ and the eztreaniocdinatea. And thde in the table 
of cone^ons are of the &nie magnidide as the diiierences between the 
trae areas and thofe produced by the table. Therefere if the firft £gare 
of the corredion be found, and added when the correction is neg^tive^ or 
iiibdaCbed when affirmative, we may Mdy coDclude that the area, thns 
oorreded, is true in that place of decimals in which the firll figure of cor- 
reftion enter, but no further ; wherefore by a tabic of corre<f>ions the area 
found is corredled, and at the iame time the number of true £gure» is> 
.known. 

E 3f A M P L E. 
SirpposB be an ordinate of an equilateral hyperbola, and there be 

fought the area thereof which lies upon the abfciffa equal to unity. Fo? 
X %vrite fuccethvely t, t» t> t> t> t> t» t> -i> and there will come out nioe 
ordinates, t 

tttttstst 

X, T, TC, TT, XT, xr, XT, XT, TS* 

Therefore A=|+A=4, B=|+A=^, C=r: ' + V 
'-{-tV=4tt> E= A=* ; and thefe being fublUtuted in the ialt exprclhoa 
of the areas, and unity for R, there ariles the area .69314721. Then 

k the «nl>n.te «>d H^fiKxcffiv^ 

come out two ordinates T and , whereof the former ftands before the 
firft, and the latter after the lail 3 conici^ueady P=|4"'A-=fH" J which 
fubftitute for P, and for A, B, C, D, £, their values, and the corredioii 
ftr nine ordinriies will give -|-*ooooooo3^ which fince it is affirmative. 
letitbe-fabtraAedfiroRitfaeTaliwofdieaTeabefiitelbDnd, and dm wilt 
remain .693 1471 8 exaft in the laft fig^we^ 

I had compoted diefe tables fiirtfaer, but die expreffions for eleven or 
moce ordinates are ufelefs by reafin of the jmmen^ greatnefs of the nu« 
mend coefficients ; but if nine ordinate! do not give the area fuffidently ac- 
aaat^ divide the baic niD two or mofe 

" ■ ; 
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ed into as many parts ; then if you feck each of them feparatcly by nine 
ordinates, yen will have the whole area as accurate as you will. But it is 
alio Ibmctiiues convenient to Icck. pui t ut the ar^ by an infiiute feries, 
^ripecially if the curve cuts the bafe at right angles. And thefe being pi 
inired,any area will be had fufhciently accurate by the table already uiiiicx d. 

F/ t the areas of curves may be cxpreflcd sot inrnrnmodioofly by tha 
diiiaciiccs 



I 

3 

S 

7 

9 
II 

>3 



A 

A+IB 

A+4B+44C+^VD 

A+ 1 B+ ! T C+ xV^ 0+ E 

In this table A b die ordioate in the midil of them all, B is the 
cond difference of three ordinates in the ^^Bidft, C h the fourth diiference 
of five ordinates in tlie middle, and fo OO to the laft of the letters A, B, 
C, D, £, F, G, which is the laft difference of all the ordinates. As fup- 
pofe there be five ordinates ^, tf, c A will be —r, B=<^— 2 r-f^/, 
C=J— 4^-4-6 c—- 4 ^-f'*' 5 otiicr odes ; and the expreliions 

drawn into the bole of the curve, or part of the abfcilTa contained be- 
tween the firft and lall ordinates, give the arras from the given number of 
the ordinates which is denoted at the lido. It is to be ubien'cd that the 
lafl terms in the txprcllions for nine, eleven, a«d thirteen ofdinatcs, \b 
not true, but more fimpledien thefe, and fnfficiemly near the due ones. 
Forthe middle ofdiiaate A, and the di|fer)Wf» B, 
ftituie a converging ieries I and diereifare kit iKitieqiiifed that die oo^ 
dentaof dio tadttmuwhidieiM'tfae ecamlaiicn^ boprecifeljr «oci^ 
rate. And fiiom the convergency of the (cries A, B, C>, te. k i| 
known to what places of %ufl«8 the ai^ i$caduhited accurate, and oqo* 
^ucntly this table does not want a table of corrections. As to the nu- 
meral coefficients they arc far fmaller, than the above table, and Sgg tlMt 
teaionthi&i6pretobk» c^peciaUiy iu g> ycat mypbcc.o£ gndinatct. 

Agaio, resulted the area an hypei^Nslay wfaefe nf&KDMtt n ^ 

For X write o, t> t, 4 ; and there vvill eome out t^ hve eqmdit 
ftant oruinatcs i, *> *, *, ' i tiicrciure A will be ssr^, mtnely the mid* 

nates 
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?» 4 fel tiie middle ; hftly, Cssc^Vy that is, eqaal to the kftdif- 
lemioe of tem all. And thcfe values fubftitutcd in the exprellk)n for 
liie-five Ordinates give 4 +^+ir^-^ ^^U^y which drawn into the baft; 
or onfty* and mbccd into decimals, is .69;^ 17 for the area iboght. Artd 
this arcfri* is at l«ft exaft in the fourth place of decimcitoy namely ii» WhicH 
the firft fignre of the laft term enters it. 

But to find the differences more readily and more cafily, let a be the 
middle ordinate, h the fum of the two next to tlic middle one, and then 

the fum of the two which follow, and fo o» > then put 

Az=a, 
B=^— 2A, 
C=^-2A— 4B, 
D=i/-2A— 9B— 6C, 
• £=^-2A-i6B-2oC-8D, 

r=/-2A-25B~5oC-35D-l6E, 
G=,^— 2 A- 365— 105C— I iiD— 54E— 12F, 

And A, B, C, D, &c. will be the middle ordinate, the fecond diftcrence 
of the three middle ones, the fourth of the five middle ones, and fo in 
the reft rcipediveiy. 

PROPOSITION rsm 

LET' a, h, c, d, e, j\ 6cc. dcfiote equidiftant term cmtinualfy tending to a 
ratio 0} equality ^ andtbe following equatimnmU approximate to tbeir 
relations. 



2 


a— 


3 


a — 


4 


a — 


5 
6 


a — 
a— 


I 


a — 


9 

10 





7/^+2 If- 35^+35^-2iA+7^--^r:° , 
93+36tf-84i4-iadf-i26/+84|;-a6H-9'---^=<> 

This table is to be rcferved for ufe, to be con^iilled ^J^^^ ^^^^ 
fliry. And it appears that the numeral coefficients «rc me ttrtdae <tf ftp 
powers of a binomial 5 and the dfcmontette i§ intmM. For becaufe 
the terms are fuppofcd contmuaUy to tend to Ac ratio of equdity. their 
aiflfercncc. a^bS^c, c^d, Jw, te. viU be finaU , thcD the difecnces 

• N. n . 

^ • Digiiized by Google 



138 INTERPOLATION 

of the difference? r7— b~2C-\-dy 2J-f"^> &c. will he lefs tham 
the firft dittercnces ; and the third 3^+3 f—^/, h—i €-\-^d-'e, &c, 
will be lefs thzn the fecond ; nnd tiie fourth tf— 4^^-|"'^^~4^+^ &c, 
"will be leis than die third, ( ^ ad tnfiuitum. Therefore the firft, fecond, 
third, 6cc. differences, put cquui lu jiothijig, as in the propofition, will 
continually appioximate to the trvie relation of the terms. D, 

m 

COROLLARY. 

Hbnc£ In a faies of eqnidiftant terms, if any term be trantbg, it may 
be found by this Propofidoa. As if thov be five terms Oy by d, c, 
their relation will be ^4^4"^*^ — 4</+<'=oj and from this equation 
any one thereof will be giveo, as near as poflibie, fiom the refl being given. 

And it is to be ohferved, that any term, cateris paribus, is defined the 
more accurately, the nearer it ibuids to the middle of them all j and the 
en-ors from the tnic term are, as near as pofTible, as the numeral coeffici- 
ents of tile terms fought reciprocally. Therefore let the term fought ^aiKl 
either in the middle of them all, or as near to it as poffible, 

EXAMPLE. 

Required the iogaritlini of the number 53 from the given logarithm^ 
of fome foregoing numbers. 

Put a for the logaritiim fought ; and it "wil! be 

/, 52=/' = 1.71600.33436 
/, 51=. =1.70757.01761 

^0=^^/ = 1.69897.00043 
/, 49= =.1.69019.06300 
/, 4S~/'=i.68i24.i2374 ' - 

A 47-^ = 1-672097^579 

The relation tlien between the feven terms a, c^d^e will be 
— 6/'-|-i5^" — 2odA- I t^e—bfA-g — '^', therefore a=z6b — i ^c-\-2Qd— i 
+6y— whcTe by iubllitaUtig for by Cy </, f, J\ gy their values, we lliall 
have 1.72427.58726 for or the logarithm of 53 fought, .00000.00030 
being the error too much. But if there be given fix logarithms, three of 
which ftand before, and die other three aAo' that which is fought ; in 
that cafe, I fay, the logarithm fbi^ht will be defined very accurately. 

Therefore let A, B, C, D, &c. denote die fums of the given teriD% 
.which from each fide are equally diftant firom that which is Ibught^ and 
its values will be as in the ioUowing table : . 

A 

> 
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. 4 
6 

8 

10 



4A-B 



6 

1 5A--^6B+C 



20 . 



70 

2 1 o A— 1 20B+4 5C~ I oD+E 



2C2 



For example, let there be given tibe logaritfams of the numbers 50^ 51, 
52* 54, 55, 56, required to mid the logaridmi of 53. Put 

A=/, 52+/, 54=3.44839.71034 

B 514-/, 55=3.44793.28656 

C=/, 50+/, 56=3447i5'^03i3 
Then ior A, B, and C. fubftitute thcie values in the cxpreffions for 
lix terms, and there will come out 1.72427.58695 ior the logarithm of 
53, the error being uiaty in the laft figure. Hence in logaritlunical, 
trigonometrical, allronomical and other iuch like tables j if there be 
wanting. by chance any terra, it may be in(erted by this propofuion j or 
if you foiped any term to be moog^ it may be coneded the iame way* 
For the expreffions here ezMbited are general, as not at all depending 
isa the nature of any particular table. 

PROPOjsiTioN xxxm. 

LETkc. t, 3*, y,0, ay tf> ^, c, 4 r„ &c. denote the atemate term im a 
fertes naming out both ways in infinitum, and if there be put Asrif-f' 
«, B==/^+/e, C=(r+y, D=</+^, emdfim^ the termJandUtg 

in the middle hePween a and a mil be efiuU to 

4xA+ 

\4tX2 A-3B4-C+ 

X5 A~9B+C-P.+ 

i4A~-28B4-2oC— 7D4-E+ 
&c. 

*The numeral coefficients of the letters A, B, C, D, Sec. are the dif- 
ferences of the uncias in dificrent powers of a b^omial ; and the cocffi- 

dents 
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deolB which are drawn into the whole terms namety, 4-, ■r^r, -nrrr* 
&c. arc generated by the continual multiplication of the numbers ^ 
»ftff 4?T» &c. and thefe being known, the feries is produced nt pleiifurc. 

The feries alfo may be inveftigated by putting ^=o in the fecond 
cafe of the twentieth Propofition, fo^ then there wiU be had the ordinate 
or term which ftands in the middle of all. 

But the terms of the feries may be coUctied into one i'um,as jou fee here^ 

A 



4 

6 

S 

ID 



2 

9A- 



B 



i6 

122^A— 245B4-49C—5D 



2048 

39690A— 882oB-f2268C-40^D+3^E 



' The firft CTprrffion is the firft term of the feries, the fecond is the 
fam of the hf It and lecond, tiic third » the ium oL the dircc firfl terms, 
snd fo on I wherefore JErom the aHemale Unm being ghen^ the »ter- 
mediflie ones will be immedistely given hy dib fsbkv or bjr the ftiici. ■ 

Thefirik eaprriTioQ fiifficfft when the iecood tecm^f the icries is itis 

than that which will enter theoofmRststbir, and IilEewi6 in etiicr»i for 
the tenna of die foies ate die dtfoenoes between the <pqiceffioDS and 
the truth, as near as poflHble % thefefbfe we may dwa^ Jcnow what cx- 
prefTion fufficetfbr cor purpofe. 

Thus, £>r example ; fuppofe the toggurilhsiof 53 bciequired ham 
hmt^ thofe ffnm of the niiaiber846y 41, 50, ^2, 54^ 56, 58, 60 > p«t 

A 54=^=3.44839.71035 
A 5o+^> 56=5=3.44715.40313 
h 4^H-^> 585=0=3.44466.92309 
46+/, 60 =:Dss* J44093 .90&ao 

And thefc values being iubilituted m tlwi icries, or in the exprcflion, for 
eight terms, we fhall nave 1.72427.58696 for the logarithm of 53 ; and 
ia like iii^iiiicr vvc niay find any uthci iniciincdutc term. Therefore 
m the con^trudion of tableth fuffices firft to feek Ibme terms at proper 

diftance 
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difbnce £x iht others may be idbrted by this mediod J for die terms 
£rft found are conftinuaHy to be intercalated, until v. c come to die laft 
which enteis die table. And it is to be noted, that all the terms muft 
be computed near the beginning of the table, by reafon of their differences 

being great ; then as the differences decreafe we may fkip the alternate 
terms, and afterwards, to every third, and to every feventh, when the 
differences are lefs. And this is the method that the i^rcat Sir Jjaac New- 
ton hath laid down j but particular rules, deduced from the nature of the 
table to be conftru^ed, are preferable^ as thefe) for the moil pait^ will 
perform the work with lefs labour. I 
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BOOKS hf^ puhiybed fori md fold hy Edw. Cati, at St John's Gate 

TH E NATURE and LAWS «f CHANCE, wherein the fub- 
jed » fUly, yet concifely hanqwd i and the more abftrufe and' 
important problems, as wdl as^ the more fimple ones, are refotved in a 
general and confpicuous manner: containing the do^rine of combina- 
tions and permutations clearly deduced ; an mveftigation of the pro- 
bability, that a cropofed event happens a given numbci; of times in a 
given number of cryabi a new and rtrj comprehenfive probkm of 
great ufe in lotteries^ ca^!ds» &r. with others for determining die pro- 
bability of winning, whether at howls, coits, raffles, in any cir- 
cumftance of the play : a problem for hading the tryals wherein it may 
be undertaken, that a propofcd event iliall iuppen or fail a given num- 
ber of times ; another to bod the chances for a given number of points 
with a g u en namber of dke; and another on the doration of p]ay i 
being three of the moft curious and remarkable in the ibbieftt and all 
folved by new and general methods. The folucion of n problem pro- 
pofed to the publick fome iime ago, in Latiriy as a very difflcolt one ; 
with full and clear invcftigations of the two new problems added to the 
cod of Mr Mmrf% laft edition, the demonftractons of which that 
anthor was plttfed to referve to liitvifelf, and whereof he makes fiidl 
particular mention. By T. SIMPSON. Price 3;. 

1. Harmonic Tri gonomktb.ic^ s cw, a ibort tteatife of Tr-gonometryi 
wherein the harniony betwixt plane ana fpherical trigonometry la cic^rly exhi- 
bited, and thereby all the difficulties and perplexities of the latter are dearljf 
removed ; To that both are renderM equally tiiy, their fimilar cifci being fel- 
led bytheorems nuterially, and almo^ verbally the fame. Jf ri«e i s. 

The RvoiuanTsorGBOGRAPHY $ whetdn ia explained the rife of 
that fiieoce, and how tl» motion of the earth came to be believed. An at* 
tempt to f^cterminc the earth's bignefs. The fyftem cf the world. How the 
'CKpcMmencs on gravity might induce one to believe the earth was not iphericaU 
TW fibenoineaa io.pfl«ve its flat figure. The meafuret of Pieard, Ca^ and 
the mathematicians fent to the Korth to determine it Why degrees being 
fViorter towards the Poles than the Equator, fuppofc the earth to Kc lcnf|then'd, 
and why degrees beit^g longer fuppofe it to be flattcn'd towards the poles. The 
great nfefulnefs of knowing the earth's bigneis, and ^ure. Wito a table ftf 
degrees of longitude, and laritiide and iu cooftrndioD. Pcooa ibe Fteodi of the 
celebrated M. Maupertiiit. Price z lu 

"Juft fuhl^tit {Prite Two Shilliog* anJ Sixpence,) 
PrintiJ in iht fame manner, and proper to hind trpivith ibc Jo!lr,-viv' , 
\ TRtAI'ISE of CONIC SEC TIONS. JJcdjcatcd to die provoll, fd- 
J\ lows, and fcholan «f the college of Dublin. By ROBERT STEEL. 

j^iUin : Printed 1723. London : Re-psinted for E. Cave, at St John's Gate. 1745. 
. As this book has been recommended, by good judges, tor one of the beft, as well 

atfiiaiiicft, in its kind, it is thought a more effeAual ferfice to the young ftifdenc in thefe 
Ictences could not be done, than to oblige him (the firft unpreffion being become v«ry fcarce) 
with a new, and much cheaper edition, which is printed in quarto, 10 accooxmodate ihofe 
wlw IbaU lUdt fit 10 biad It 8p with the MtfUnnm 

N.B. The copy from which we rc-pn'nted the nbore treatife, wanting a copper print 
«>Dtainiiig three figures 20, 21, 22, relating to the hyperbola, this defect, being at iirii over- 
1oofc*d, is now fupply'd by engraving that phce, ud OwpincliaAn may have it of J. Pidkrc 
in Ave tnary kne, or hv finding dircAions toft Joha'lGll^ IB orfllf hnokfcUct% &C ia 
he country, it tbali be lor warded foe them. 
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M!$CfittAl7fiA <^RI0SA MATHEMATICAL ZMw VIIL 
containing. A Jetrer from Mr Bolton, A.M. nicwing an eafy con- 
iirudion and caicuiaticp ^ a problem for dctemiining the places of n 
comet. A cafcnhtiofteFthe^iAtfcdlpfe, July 14, ij^iyhy Mr KUcbin's nom- 
kttn hn Btent's fables. By Mr Wra Brown. A catcvtaciDnof tfakt ocliple foeLon- 
cbnand Nt w aftk-. By Mt R. Robinfoo. A table evhibttlng thciaHtode and 
jonn^tiKte where the ceorriEl Amuiua will be ceoijpicuou«. By Mr T.CwMct. Vf|- 
«i««s(ohpHoi«tedi9^iieflMifiioKe. VU. fnit^aUrly a compleal^ feJotkm cfE; 
'ihat important probiem, Queft. 114, (founded on a fcholium inSir IHiac New* 
ton's Princfpia; in its various hypothcfes j with an ir.vcftip,ation of the three 
toiiowingquvAions by Mr Emcrlon'^ method ofFluxions By Mr HoUiday. A 
;cofleAion bf Mlir qudUfln* to be knfwered in No. IX. 

Kutiibcr Lcc^jASnftf, fllieng other ufcful matters, a (^ifcou^^e on the velocity 
:»n(H. rces in boSdiea lA mqtionj theorems for deteiminiDg the fun's parallax ( 
an univerfal fpheirioo-catoptrk theorem ^ a, theoroai on incrcmcnti> j uf th« 
mMtttt uwk gbhrima in tho cekAkl modona ; to AmI ifaft fun'i horiaonral ft^ 
ialluK by the trasifit of Vents over the Sun s disk in 17/^1 ^ a collc^ion of cuiioMi 
^««(UaM in the pref<}oc year'a di|irie«, and the Gcxuieman'a Maaay.ioo. 

Kumber il. Solutioqi to.alltiie qvnBom ia smmberf. «n eBay concerning 
the fums of the powers of An arithmetical progreffion j fblotionj to the queftlOna' 
.in the Gentleman's Diary ; and twenty new qucftiona to be anf^i'CTcd, &c. 
* Number 111 . contains folutions of ^uclhons in nninbcr I. and IL and in the 
Ot»rirffi«n*s Diary ; aNb new qveHiom propofei i )tbe itwmwiUlilllftft «f ftw 
'tkebrcms in Gentleman*! Magazine, by Mr Fado; tables of chances fur any 
number oi^x>ints thrown oft s^a, j^&c^ to la diff^ iMbfiie^vilk tiMltelMl 
ot compiMation, &c. &c 

HmnbetlT. A* cAy ootlie {Nopeities of »iaagteMdcrib'd i4» moA.dkh 
cumfctib'd about two given circles. By Mr \V. Chappie. A calculation at large 
of the lanar eciipfc, that bappen'd Augui^ ir, 1-4.6, by Thomaa Sparrow. A 
curious fokition foqaettoft i^t in die Ladies Diary, by Mr £dw. Hauxlcy. 
Ifolutions teibe^pMMMit in number III. with tables of fines and cofines, &c. 
ttlfo afoiution to an oxpnnenruil problem ; by Mr F.dw. Hauxley. A colle^f ion of 
toew queiUens le be anfwered ia immber V. Aa eafy, £uniiiar and catpeditioM 
taetM ftrtHdiiKllbcMi, «iihmftiBpl»»«U Mr Bwi Ai*g ftmiiTSofigped 
for beglMMt. Twoa«yeafincofiibftrrfetf MoAwiflii t«aiB<» by Oy 
Folham. 

Number V. A letter from £. Hauxlcy, concerning a curious, aftrooomical 
wnbkmi'ftrfiediM the place of aconiet, &c. OMcmtMoaatOmibik^oB dM 

Ute comet. ByS. B. Alerter from Phi!o-Whimficolos,coiicemingan oflavc on the 
monochord, divided by geometrical proportionals. A table fhowing fome pro- 
perties of regular polygons. By Poiygonus- The quadrature of the fiffures q£ 
tangents and fecanrs, by the hyperbolic logarithms. Sohttioas to the qnefliom ia 
numb. V, A cclleflion of new queftions to be anfwercd in number V I. 

Number VI. An ei&y on fluxions, wherein the firft principles are clearly 
demonftnted in a very edV tn^ eoocKenietflocI, adnted to beginnen. A gene- 
ral rule /hewing how to folve all manner of fimple nuxionary exponential pro- 
blems j by v.. Hauxlcy. Solutions to the queftions in number V. A colle£li- 
•n of new aucilioiu to be anfwered in Ko. VII. Avery caly and familiar method 
•f findflisnMCMi, accotdMig to Mr Emerfbn's ftmu. Soneobfervationi on the 
jatc comet, by S. B. A table on the properties of regular folids. By Polyedra. 

Xn Vil. An effayon the calendar, with rc^^d to the correflion of the Julian 
ai d Gregorian accounts in the celebration ofFallcr j By H. The thcoj y ofgun- 
ncry. By Mr Robert Robiaiba* A ttbJoof j|onnery. Solutions of qucmoM 
No. VI. A collodion of new queftions to be anfwered in No. VI 11. Tb<l 
thod for finding fluen.ts, according to Mr £iacrlba's Horm, continued 
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